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. A theory of brain-computer interface learning via

. low-dimensional control

s J. A. Menéndez, J. A. Hennig, M. D. Golub, E. R. Oby, P. T. Sadtler, A. P. Batista, S.
+ M. Chase, B. M. Yu, P. E. Latham

6 A remarkable demonstration of the flexibility of mammalian motor systems is primates’ ability to
7 learn to control brain-computer interfaces (BCIs). This constitutes a completely novel motor behavior,
s yet primates are capable of learning to control BCIs under a wide range of conditions. BCIs with
o carefully calibrated decoders, for example, can be learned with only minutes to hours of practice. With
10 a few weeks of practice, even BCIs with randomly constructed decoders can be learned. What are the
1 biological substrates of this learning process? Here, we develop a theory based on a re-aiming strategy,
12 whereby learning operates within a low-dimensional subspace of task-relevant inputs driving the local
13 population of recorded neurons. Through comprehensive numerical and formal analysis, we demonstrate
1 that this theory can provide a unifying explanation for disparate phenomena previously reported in
15 three different BCI learning tasks, and we derive a novel experimental prediction that we verify with
16 previously published data. By explicitly modeling the underlying neural circuitry, the theory reveals an

17 interpretation of these phenomena in terms of biological constraints on neural activity.
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" Introduction

19 A core property of mammalian motor systems is their capacity to adapt to novel environments. Through
2 learning, mammals are able to tailor their movements to an astonishing variety of previously unexpe-
2 rienced tasks, often needing only minutes to hours of practice to do so.'”7 A particularly remarkable
» demonstration of this is offered by brain-computer interfaces (BCIs), where the movement of a cursor on
»  a screen is determined by cortical activity via an external decoder.®'° Despite the unfamiliarity of this
2 motor task, human and non-human primates are capable of learning to control BCIs under a wide range
s of conditions, often with little practice. With a carefully calibrated BCI decoder, proficient control of
» the BCI cursor can be learned after only minutes of experience.'! 14 But even effectively random BCI
oz decoders can be learned as well, provided the subject undergoes a more extensive training procedure
» (e.g. a few weeks).!'%16 The purpose of this study is to develop a theory of the algorithm(s) underlying
29 this learning process.

30 Previous models of motor cortical BCI learning have postulated that synaptic plasticity within motor
2 cortex underlies learning a BCL.'720 Indeed, models of the synaptic connectivity required for a recurrent
2 network to solve a BCI reaching task'? and the plasticity rules by which that connectivity might be
s learned?® can account for slow and fast learning of different BCI decoders. However, a fundamental limi-
u  tation of synaptic plasticity is the curse of dimensionality: motor cortex contains trillions of synapses, so
35 learning via optimization of their weights would entail solving an extremely high-dimensional optimiza-
3 tion problem. In the best of cases — when the objective function and its gradient are explicitly known —
s solving such problems typically requires vast amounts of training data. In the case of BCI learning, the
s subject’s motor system has no explicit access to the BCI decoder, so the relationship between internal
s neural activity and movement — and, by extension, task performance — is unknown. This means that
w0 gradients of task performance with respect to internal biological parameters must be estimated through

20,21 which is notoriously slow in high dimensional spaces.???3 Moreover, this estimation

a trial and error,
»2  problem is made even more difficult by the biological constraints of neurons and synapses, which impose
s noise in the learning signals available to each synapse?* and preclude synaptic plasticity rules from back-
w propagating gradients through the many layers of neural circuitry.?® 27 These considerations suggest that
s BCI learning by synaptic plasticity in motor cortex should be slow and highly limited.

46 Such slow and limited learning is inconsistent with the strikingly fast and flexible learning observed in
«  many BCI experiments, where non-human primates are observed to achieve proficient control after only
5 a single session of 10’s to 100’s of trials of practice.!!' %28 Moreover, the hypothesis that motor cortex
w» undergoes substantial synaptic changes over learning is inconsistent with two additional observations.

so First, the statistical structure of motor cortical activity remains remarkably conserved after learning: the

st repertoire of activity patterns employed for BCI control is unchanged after training on a new decoder
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s for a few hours,!829:30

and single neuron tuning to manual reaches also remains largely unchanged after
s performing a BCI reaching task.?! Second, learning a BCI task can occur without interfering with natural
s limb control®! (but see’?).

55 Together, these observations suggest that synaptic plasticity in motor cortex is not the primary
ss  mechanism underlying BCI learning, at least for the short timescales of learning observed in the studies
s cited above. Instead, they suggest that the brain might take a more parsimonious learning strategy, in
ss. which (1) learning is reduced to a low-dimensional optimization problem to enable data-efficient learning,
5o and (2) the motor cortical machinery for natural movements is kept intact.

7 11,1233 op “intrinsic variable

60 A learning strategy that satisfies these two criteria is that of “re-aiming
s learning”.?#3% Under this strategy, the animal exploits the pre-existing motor cortical circuitry by learn-
¢ ing an association between intended BCI movements and internal motor commands that would otherwise
63 be used during natural motor behavior. For example, if the BCI decoder were such that motor cortical
e activity generated during a leftward arm reach would lead to an upward BCI movement, then the animal
6s  would learn to employ the motor command usually reserved for leftward arm reaches to achieve this
o upward BCI movement (fig. 1a). This strategy satisfies criteria 1 and 2 above: the dimensionality of the
o7 learning problem is kept low because both BCI movements — typically movements of a 2D or 3D cursor —

36-41 are low-dimensional, and the motor cortical circuit can be kept intact

6 and natural motor commands
6 because the patterns of activity used for manual and BCI control are the same.
70 Previous experimental results have suggested that re-aiming can account for some®*3° but not

111:12,33 of the changes in motor cortical activity that occur after learning a novel BCI decoder. How-

n al
7 ever, this evidence has typically been interpreted through the lens of a feed-forward spatial tuning curve
73 model of motor cortex, which does not take into account the influence of additional motor variables
7 beyond reach direction, and omits biological constraints on the dynamics of cortical circuits. Here, we
s address these limitations by modeling motor cortex as a non-linear recurrently connected network of
% neurons and modeling re-aiming as an optimization over low-dimensional motor commands driving this
7 network. Via simulation and analysis, we derive predictions of this theory about how neural activity
7 and behavior should change under a pure re-aiming learning strategy, for three distinct BCI learning

7o tasks. These predictions reveal a potentially unifying explanation of disparate phenomena observed in

s BCI learning.
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Results

2.1 Re-aiming as optimization of low-dimensional inputs to motor cortex

We begin by modeling motor cortex as a recurrent neural network driven by an upstream population of

neurons (fig. 1b),

da N M
T dtz = —x; + Z Wisery + Z Wiiug, (1a)
j=1 j=1
ri = ¢(z;) = max(0, z;), (1b)
where 1,73, ..., 75 and uy, ug, . . ., ups denote the firing rates of the motor cortical and upstream neurons,

respectively. A rectified linear activation function ¢(-) is used to ensure that firing rates are strictly non-
negative. We assume that firing rates are low at the start of each trial of BCI control, and thus set
the initial conditions to 0, z;(t = 0) = 0. The weights Wy and W;? represent the strengths of the
synaptic connections between neurons within motor cortex and from the upstream population to motor
cortex, respectively. To avoid making any strong commitments about the structure of these connections,
we use randomly connected networks throughout the main text; simulations with other, more realistic,
connectivity patterns yield similar results (see Supplementary Figure S1).

Next, we consider the upstream inputs to motor cortex, {u;(t)}. Inspired by recent models and

4246 we assume that the rich intrinsic dynamics of the local motor cortical

theories of motor cortex,
circuit suffice to generate the complex patterns of cortical activity necessary to execute a given motor
behavior. Which behavior is executed at a given time is selected by an upstream “motor command”
that drives motor cortex via these upstream inputs. These inputs are therefore assumed to fluctuate
on a much slower timescale than the motor cortical firing rates they drive. In the analysis presented
below, we take these to be constant in time; results for more complex input dynamics are presented in
Supplementary Materials Section S.1.6.

136741 we agsume that the

Motivated by the fact that motor behaviors are generally low-dimensiona
motor commands setting these inputs also have low dimensionality. We formalize this by representing
the motor command as a K-dimensional vector, @ € R¥ constituted by K < N command variables
01,05, ...,0k. These command variables could correspond to extrinsic motor variables, such as reach
speed or direction, or to more abstract motor-related information, such as parameters of prepared,
observed, or imagined movements. Fundamentally, we make no commitments as to the nature of these

intrinsic command variables beyond them influencing the upstream activity driving motor cortex. This

assumption is formalized by having the upstream firing rates depend on the low-dimensional motor
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Figure 1: The re-aiming learning strategy.

a. Re-aiming strategy for BCI learning. If activity evoked by imagining a leftward planar movement moves the BCI cursor
right, then the animal learns to use this motor command to move the cursor to the right. Critically, the space of imagined
planar movements is low-dimensional.

b. Proposed model of re-aiming. Upstream inputs to motor cortex, u;, depend on a low-dimensional motor command
vector, 6 (depicted here as two-dimensional). The BCI readout, y, is a 2D linear readout of motor cortical firing rates
through a decoding matrix, D. Re-aiming is formalized as identifying the motor command, 8, that ensures the BCI readout
gets as close as possible to a given target readout, y* (cf. equation 4).

command via a set of encoding weights, U,

K

> U0, (2)
j=1

The rectified linear activation function, ¢(+), is again used here to enforce non-negative firing rates. For
simplicity, we set the encoding weights U;; randomly.

rn(t)) € RY, are directly translated

(ra(t) -+

to behavior of an external effector (e.g. a cursor on a screen) through a linear readout,

During BCI control, motor cortical firing rates, r(t) =

3)

As is typically done in BCI experiments with linear decoders, we include a constant offset ¢ to center

the strictly positive firing rates (see Methods Section 4.8). The readout, y(¢), determines behavior in

47,48 11,12,14,15,49

the BCI task by specifying, for example, the position or velocity of a cursor. Regardless
of how exactly how the readout maps to cursor movements, performing a given task (e.g. moving the
cursor towards a target) demands a particular sequence of target readouts, which we denote by y*(¢).
A subject learning to perform a BCI task with a given decoder must therefore find a way to generate
motor cortical activity patterns that will produce these target readouts.

Our hypothesis is that subjects do so only by optimizing the upstream motor commands, 6. A key
feature of this learning strategy is that it reduces the dimensionality of the learning problem. That
reduction can be huge: from the number of synaptic weights to the number of command variables
specifying the motor command, K — a factor that can easily reach 10°. Moreover, not all K command
variables need to be optimized — we will argue below that, in certain settings, subjects may be optimizing

only a subset of the task-relevant command variables, sometimes as few as 2. Such a reduction in the

number of optimized parameters allows efficient learning in the absence of gradient information. However,
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126 it also limits the space of available solutions to the BCI task. Here we develop a formal theory of re-aiming
127 to understand the implications of these limitations, and, importantly, show that they are consistent with
18 empirical data.

129 We analyze a simplified model of re-aiming in which the motor command, 6, is optimized to produce

1o a target readout, y*, at a single endpoint time, t..q4,

M
B(y") = argmin [y (tna:0) =y [* + 5 D wi(6)* (4)
01,02,...0% =

i The vector y(t.,q; @) is the BCI readout at time t.,, resulting from driving the model motor cortical net-
132 work with the motor command 6. The integer K denotes the number of command variables optimized by
13 re-aiming; for simplicity, the remaining command variables that are not optimized, 0z ,,0% ... 0k,
134 are set to 0. The second term on the right-hand side quantifies the metabolic cost of the upstream
135 firing rates induced by the motor command, @, included in the objective function to ensure that only
136 biologically plausible solutions are allowed.

137 Solutions to equation 4 constitute a concrete hypothesis about what subjects learn. In the following,
s we analyze these optimal motor commands to evaluate whether this hypothesis is consistent with empiri-
139 cal observations from BCI learning experiments. The question of how subjects might learn these optimal
1w motor commands is left for future work. We also briefly acknowledge here that equation 4 constitutes an
1 incomplete description of the true BCI learning problem, since controlling the BCI effector’s movement
12 typically requires specifying a whole sequence of readouts over time (rather than at just one target time,
s t.q) and relies on closed-loop feedback of the effector’s state.’’ 52 That said, this simplified model of
s re-aiming will prove useful to intuit general principles of the re-aiming learning strategy, which, as we
s show in Supplementary Materials Section S.1.6, extend to more complex settings such as closed-loop
s control. After all, being able to produce a target readout at a fixed future time is, loosely, a pre-requisite

w7 to solving the full closed-loop control problem.

us 2.2 Re-aiming implies neural constraints on short-term learning

1w We begin by modelling the BCI experiment designed by Sadtler et al. (2014).4 In this task, subjects learn
150 to perform center-out movements with a 2D cursor on a screen, with the velocity of the cursor controlled
151 by the readout from a linear BCI decoder, as in equation 3. Prior to learning, subjects first engage in
12 a “calibration task”, in which neural activity is recorded while the subject passively views center-out
153 cursor movements to eight radial targets (fig. 2a). Sadtler et al. observed that neural responses to these
15« stimuli occupy a low-dimensional subspace, termed the “intrinsic manifold”. This subspace — identified
155 via linear dimensionality reduction — is subsequently used to construct three types of BCI decoders.

156 First, a “baseline decoder” is constructed by fitting the decoding matrix, D, to the neural responses
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Figure 2: BCI learning task of Sadtler et al. (2014).

a. Schematic of task structure. Subjects first engage in a “calibration task” whereby they passively observe center-out cursor
movements on a screen. Recorded neural activity in motor cortex is used to construct the baseline decoder and estimate the
intrinsic manifold. Subjects are then instructed to perform center-out cursor movements under BCI control, first using the
baseline decoder and then with a perturbed decoder, constructed by perturbing the baseline decoder. This perturbation
can either preserve the baseline decoder’s alignment with the intrinsic manifold (a within-manifold perturbation, or WMP)
or disrupt it (an outside-manifold perturbation, or OMP).

b. Low-dimensional illustration of the intrinsic manifold and its relationship to the decoders (defined in equation 3) used
in this task. Colored dots represent activity patterns recorded during different trials of the calibration task, colored by the
cursor velocity presented on that trial. The cursor velocities of these stimuli are depicted by color-matched arrows in the
inset in the top right, with the cursor targets used in the subsequent cursor control task depicted by green diamonds. The
evoked neural activity patterns reside predominantly within the two-dimensional plane depicted by the gray rectangle, the
so-called intrinsic manifold. Three hypothetical one-dimensional decoders are depicted by colored arrows, labelled baseline
decoder, WMP, and OMP. The corresponding component of the linear readouts, y1, from these decoders can be visualized
by projecting individual activity patterns onto the corresponding decoder vector. This is illustrated for one activity pattern
marked in green, whose projections onto each of the three decoders is shown. Because this activity pattern resides close to
the intrinsic manifold, it yields a large readout (i.e. far from the origin, at the intersection of the three decoders) from the
baseline decoder and WMP, which are both well aligned with the intrinsic manifold. In contrast, this activity pattern’s
readout through the OMP is much weaker (i.e. its projection onto this decoder is much closer to the origin), since this
decoder is oriented away from the intrinsic manifold. It is important to keep in mind that this illustration is a simplified
cartoon of the true task, in which the intrinsic manifold is higher-dimensional (8-12D instead of 2D) and the BCI task
depends on two readouts (y1, y2) rather than one.

from the calibration task such that these activity patterns suffice to move the cursor towards the cor-
responding target in each trial. By construction, the baseline decoder is well aligned with the intrinsic
manifold, such that activity patterns within this subspace can produce large readouts through this de-
coder (fig. 2b). Sadtler et al. found that, with this baseline decoder, non-human primate subjects can
easily perform center-out cursor movements to the targets instantly, with no learning time required.
Next, the decoding matrix of the baseline decoder is perturbed and the subject is prompted to perform
the same center-out cursor movements with the perturbed decoder. Two types of perturbations are used,
which either preserve or disrupt the baseline decoder’s alignment with the intrinsic manifold: within-
manifold perturbations (WMPs) randomly re-orient the baseline decoder within the intrinsic manifold,
whereas outside-manifold perturbations (OMPs) randomly re-orient the baseline decoder outside the
intrinsic manifold (fig. 2b). WMPs alter how neural activity within the intrinsic manifold subspace gets
mapped to readouts, such that activity patterns in this subspace suffice to perform the task. Under
an OMP, on the other hand, activity patterns within the intrinsic manifold are limited in the extent

of readouts they can produce, so new activity patterns outside of the intrinsic manifold are needed to
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1w proficiently perform the task.

172 Sadtler et al. found that with 1-2 hours of practice (a few hundred trials), non-human primates
w3 can learn to successfully move the cursor to the targets with WMP decoders. In contrast, such short-
s term learning does not typically occur with OMP decoders, under which relatively little improvement is
s observed over this timespan. Here we argue that this limitation of short-term BCI learning is consistent
we with a re-aiming learning strategy. This low-dimensional learning strategy can account for the rapid
w7 learning achievable with WMPs, as well as the much slower learning exacted by OMPs.

178 To demonstrate this, we follow the experimental protocol outlined above, but with simulations of our
o motor cortical model (equations 1-2) rather than with animals. Our starting point, as with the experi-
10 ments, is to estimate the intrinsic manifold from motor cortical firing rates recorded during the calibration
11 task, in which the subject passively views center-out cursor movements to each of the eight radial tar-
1,2 gets, y. We simulated neural responses to these stimuli by driving the model network with command
183 variables set to the cursor’s constant velocity on each trial: the first two command variables, 6; and 65,
14 set to the coordinates of the given target, y;, and the remaining command variables, 03,04, ...,0k, set
15 t0 0. We then used Principal Components Analysis (PCA) to find the minimal subspace containing 95%
s of the variance over the resulting firing rates, which we found to be 8-dimensional (fig. 3g). We then
17 defined the intrinsic manifold to be this subspace and used it to construct the baseline decoder and the
188 two types of perturbed decoders (WMPs and OMPs), following the procedures of Sadtler et al. (see
1o Methods Section 4.8).

190 Our hypothesis is that subjects learn to control the cursor by re-aiming with the same two command
11 variables driving the calibration task responses, #; and 65. We thus model BCI learning by optimizing 6,
12 and 2 with respect to the re-aiming objection function (equation 4, with K= 2), leaving the remaining
103 command variables fixed to 0 as in the calibration task (65 =60, = ... =0x = 0). As only two variables
14 need to be optimized, learning should proceed very efficiently. The motor commands available for BCI
15 control, however, are now severely constrained: only two command variables are free to change, and they
s are bounded by the metabolic cost incurred by the upstream firing rates (the second term in equation
v 4).

108 To see how this affects performance in this BCI learning task, we simulate re-aiming for WMP and
199 OMP decoders. For each decoder and target readout, we solve equation 4 with K=2 (setting t.,q = 1000
200 ms, roughly matching the ~700-1000 ms target acquisition times observed in experiments, and setting
s 7y to its largest possible value guaranteeing good performance with the baseline decoder, cf. Methods
22 Section 4.3) and drive the motor cortical network with the resulting optimal motor commands, 9(yZ*)
203 The optimal motor commands for the baseline decoder and an example WMP and OMP are shown in
24 fig. 3a, as vectors in 61-05 space. The readouts produced by driving motor cortex with these motor

205 commands, y(t..q;0(y;)), are shown in adjacent panels to the right (fig. 3b), with the corresponding
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Figure 3: Re-aiming with two command variables suffices to learn good solutions for within- but not outside- manifold
perturbations.

a. Optimal motor commands, é(y;}*)7 for the baseline decoder and one example WMP and OMP, plotted in 61-02 space.
The shade of green indexes the target readout, y, that each motor command is optimized for, corresponding to the target
readouts plotted in the adjacent panel (green diamonds in fig. 3b).

b. Readouts generated at time tena by the optimal motor commands shown in the previous panel (fig. 3a), i.e. y(tena; é(y:‘))
Green diamonds mark the eight target readouts for the center-out cursor control task, set to the directions of the eight
radial cursor targets used by Sadtler et al. (2014).

c. Readouts from each of the reachable manifold activity patterns plotted in fig. 3f, with matched marker colors and sizes.
The diamonds denote the eight target readouts as in fig. 3b. Note that the reachable readouts closest to the targets do not
necessarily match the readouts produced by the optimal motor commands (fig. 3b), as the optimal motor commands are
optimized to minimize the metabolic cost of the upstream input as well the readout error (cf. equation 4).

d. Distribution of mean squared error achieved by the optimal motor commands for 100 randomly sampled WMP’s and
OMP’s. The mean squared error achieved by the optimal motor commands for the baseline decoder from which these
perturbations are derived is marked by the vertical dashed black line. Target readouts are unit norm, so a mean squared
error of 1.0 is equivalent to producing readouts at the origin.

e. Motor commands covering a range of angles on the §; — 02 plane and 5 norms, ||@|| € {0.1,0.4,0.7,1.0, Smax }, wWith
Smax = 1.25 (see Methods Section 4.4 for how this was chosen). The motor commands used to simulate the calibration
task are indicated by the pink/purple squares. All other command variables, 03,04, ...,0k, are fixed to 0.

f. Activity patterns in the reachable manifold at endpoint time t.,q = 1000ms. Each ring of activity patterns is generated
by the corresponding ring of color- and size- matched motor commands in the previous panel. This ensemble of N-
dimensional activity patterns is projected onto its top three principal components. The black line is drawn to facilitate
visualization of the 3D structure of this conical manifold. Note that the points in this plot should not be thought of as
spatiotemporal trajectories of activity; rather, they depict activity patterns at the same timepoint generated by different
motor commands.

g. Purple curve: cumulative variance in reachable manifold activity patterns along each intrinsic manifold dimension
(equation 25). Gray curve: cumulative variance in calibration task neural responses. By construction, the intrinsic
manifold contains 95% of the total variance of the calibration task neural responses (Methods Section 4.8).

target readouts underlaid. We find that, for the baseline decoder and WMP, most of these optimally
driven readouts reach their targets; for the OMP, on the other hand, most of them fall far short. In
fig. 3d, we repeat this simulation for 100 randomly sampled WMP and OMP decoders (see Methods
Section 4.8 for the sampling procedure, closely matching that used by Sadtler et al.), and in each case
quantify re-aiming success using the mean squared error between the optimally driven readouts and their
corresponding targets. We find that the mean squared error is consistently lower for WMP decoders than

for OMP decoders, as it was for the representative examples in fig. 3b.
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213 Why does re-aiming fail to produce good readouts through OMPs? The answer lies in the constraints
a4 the re-aiming strategy imposes on the set activity patterns available in motor cortex for BCI control. To
a5 visualize and characterize these, we consider the reachable manifold: the set of all motor cortical activity
26 patterns at a fixed endpoint time, r(t...; ), that can be reached by a motor command, 6, accessible
ar by re-aiming; that is, with 6, = 0 for all k¥ > 2 and with its norm, |||, constrained by the quadratic
28 metabolic cost (which we enforce here with a hard upper bound, ||| < $,.., set to the maximum norm
20 of the re-aiming solutions to all sampled decoder perturbations; cf. Methods Section 4.4). A large set
20 of these accessible motor commands are shown in fig. 3e, and the corresponding activity patterns they
a generated are shown to the right in fig. 3f, projected down to three dimensions via PCA. Note that, despite
2 the accessible motor commands being two-dimensional, the reachable manifold occupies more than two
»3 dimensions of state space, due to non-linearities in the dynamics of the motor cortical network. The
24 three-dimensional projection in fig. 3f in fact contains about 80% of the variance over the N-dimensional
s activity patterns, revealing that the reachable manifold occupies in a moderately low-dimensional linear
26 subspace — higher than that of the motor commands giving rise to it (two-dimensional) but significantly
27 lower than that of its ambient state space (IN-dimensional).

28 In fact, the reachable manifold is almost completely contained within the intrinsic manifold subspace.
29 This is quantified in fig. 3g, which reveals that the eight dimensions of the intrinsic manifold subspace
20 capture almost 100% of the variance in reachable activity patterns. This is unsurprising given that both
2 the activity patterns in the reachable manifold and the activity patterns evoked by the calibration task
22— which define the intrinsic manifold — are generated by similarly low-dimensional motor commands 6,
213 in which only two command variables (61, 605) are non-zero. Fig. 3e shows this directly by overlaying the
2 calibration task inputs on the accessible motor commands. Ultimately, what this entails is that there are
25 virtually no reachable activity patterns outside of the intrsinsic manifold; no activity patterns outside of
236 the intrinsic manifold are accessible via re-aiming. This explains why this learning strategy would fail
257 to produce large readouts through OMPs.

238 To confirm this, in fig. 3¢ we visualize the set of readouts reachable by re-aiming, for the baseline
29 decoder, WMP, and OMP from fig. 3a and 3b. Specifically, we plot the readouts from each of the
0 reachable activity patterns shown in fig. 3f, providing a comprehensive visualization of the space of
2 readouts that can be reached through each decoder by re-aiming. As expected from the fact that the
u2  reachable manifold resides solely within the intrinsic manifold, we see that the readouts reachable under
23 the baseline and WMP decoders cover a wider area than those reachable under the OMP decoder. The
a4 targets are thus enclosed by the baseline and WMP decoder reachable readouts, but remain out of reach
xus  of the OMP decoder. The re-aiming learning strategy therefore fails to solve the task with this OMP
as  decoder, as none of the motor commands accessible under this learning strategy can reach the target

27 readouts.
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28 We conclude that re-aiming with only two variables (f; and 65) can lead to successful BCI control
29 with WMP decoders but not with OMP decoders. This offers an explanation for why only WMPs are
0 learnable on the short timescale of a single experimental session. Because such low-dimensional re-aiming
s can’t succeed for OMPs, subjects must resort to an alternative — and presumably higher-dimensional —

»2  learning strategy, explaining why it requires substantially more training to learn these.'¢

= 2.3 Re-aiming predicts biases in short-term learning

s A close look at fig. 3c reveals an important difference between the baseline and the WMP decoders:
x5 the readouts reachable with the baseline decoder cover the readout space symmetrically while those
6 reachable with the WMP decoder do not (compare figs. 3ci and 3cii). In other words, larger readouts
»7  are reachable in some directions than in others. Such biases in reachable readouts are not unique to this
s particular WMP decoder; fig. 4a reveals similar asymmetries in the readouts reachable through three
0 other representative WMP decoders.

260 The direction of this bias is moreover predictable: typically, the largest reachable readouts are in the
s direction of DT (arrow overlaid on each plot), where T is the centroid of the reachable manifold. This bias
%2 arises because of the non-negativity of firing rates, which permits the population firing rate, r, to grow
%3 widely away from the origin, but shrink towards the origin only up to a point, where it is truncated by
¢ the non-negativity. It is this property that endows the reachable manifold its conical structure (fig. 3f),
s whose centroid, r, dictates the direction in which firing rates can grow the most under the re-aiming
%6 strategy. The projection of this direction through a given decoder, Dr, thus determines the direction
»7 in which the largest readouts can be reached by re-aiming (see Supplementary Materials Section S.1.2
s for a more detailed analysis). In Supplementary Figure S1d, we show that — as long as firing rates
%0 are constrained to be non-negative (Supplementary Materials Section S.1.3) — this bias arises across a
a0 large variety of motor cortical connectivity patterns and dynamics, suggesting that it is an unavoidable
on consequence of the re-aiming learning strategy. The absence of such a bias in experimental data would
a2 therefore provide strong evidence against this theory of BCI learning.

3 To quantify this experimental prediction, we used the “cursor progress” metric, p, introduced by
a2 Golub et al. (2018) to measure the degree to which a given readout, y, pushes the BCI cursor in a given

as target direction, y*,
. Yy
p(y;y)Zy-”y*”- (5)

We then predict the maximum achievable cursor progress in each target direction,

P (y") = max p (¥ (tea; 0);57).
n (6)

subject to |0 < Sumax,
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Figure 4: Re-aiming predicts biases in readouts after short-term learning of within-manifold perturbation (WMP)
decoders.

a. Readouts reachable through four representative WMP decoders, using the same color conventions as in fig. 3c. In each
case, the four loops correspond to four distinct motor command norms, chosen to aid visualization. The leftmost panel
corresponds to the example WMP decoder shown in fig. 3cii. The projection of the reachable manifold centroid, Dr, is
overlaid as an open arrow, arbitrarily rescaled for visibility.

b. Maximal cursor progress in each target direction as a function of angle with Dr, for the four example WMP decoders
in panel a.

c. Maximal cursor progress in each target direction as a function of angle with Dr, for all 100 sampled WMPs. As was
done for the experimental data in the next panel, the reachable manifold centroid, T, is estimated using simulated mean
firing rates during baseline decoder control (see Methods Section 4.6). A total of 8 target directions x 100 sampled WMPs
= 800 points are plotted.

d. Maximal cursor progress in each target direction as a function of angle with D¥r, for all 46 sessions of WMP learning
across three monkeys. Maximal cursor progress is estimated using the average cursor progress over the 50 contiguous
trials with lowest acquisition times. The reachable manifold centroid, T, is estimated using mean firing rates over trials of
baseline decoder control (see Methods Section 4.6). A total of 8 target directions X 46 experimental sessions = 368 points
are plotted.

where, as above, 6; and 65 are the two command variables optimized by re-aiming and s,,,, is the bound
on motor command norms imposed by the metabolic constraint in equation 4 (cf. Methods Section
4.4). In fig. 4b, we plot this maximal cursor progress for each target readout, p™ (y¥), as a function
of the target readout’s angle from Dr, for each of the four example WMPs. The negative correlation
in each case confirms our above observation: higher cursor progress is reachable in target directions
more aligned with Dr. In fig. 4c, we plot the maximal cursor progress in each target direction for all
100 sampled WMP decoders, revealing a statistically significant negative correlation across all sampled
decoders (Pearson r = —0.66,p < .001).

Does this predicted negative correlation also hold in the empirical data? To test this, we estimated

the maximal cursor progress and reachable manifold centroid in each experimental session of WMP
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25 control. Maximal cursor progress in each target direction, p™ (y;), was estimated using the average
27 cursor progress in that target direction over the 50 contiguous WMP control trials with fastest target
28 acquisition times (see Methods Section 4.6). The reachable manifold centroid, T, was estimated using
20 mean motor cortical firing rates during the block of baseline decoder control (see Methods Section 4.6),
20 which in our model is highly correlated with the true reachable manifold centroid. We then replicated
20 fig. 4c by plotting the empirically measured maximal cursor progress for each target direction as a
22 function of the angle between the target direction and D7, using our empirical estimates of maximal
23 cursor progress and T from each experimental session. The data over all sessions are plotted in fig. 4d,
2¢ revealing a significant negative correlation (Pearson r = —0.41,p < .001) akin to that observed in our
25  model. This confirms the existence of a statistically significant bias in the same direction predicted by

206 our model of re-aiming.

»r 2.4 Long-term BCI learning by generalized re-aiming

28 Although non-human primates struggle to control OMP decoders within a single experimental session
20 (a few hundred trials),'* they can in fact learn to do so when trained over multiple days (thousands of
0 trials).!% In this long-term learning paradigm, new motor cortical activity patterns emerge that allow the
sn  subjects to achieve good performance with OMP decoders. Could re-aiming play a role in the emergence
32 of novel activity patterns over these longer timescales?

303 Since re-aiming with the two command variables evoked by the calibration task, #; and 6, is not
s sufficient to produce the activity patterns required for OMP control, additional command variables will
s be required. We refer to a learning strategy that uses additional command variables as “generalized
s re-aiming”, and demonstrate below that this strategy can in fact achieve good performance with OMP
a7 decoders. Moreover, it can account for why learning is slower for these decoders: the search for optimal
e motor commands takes place in a higher-dimensional space beyond the narrow 2D space of command
a0 variables evoked by the calibration task.

310 To simulate generalized re-aiming, we simply increase the number of command variables used for
a1 re-aiming, K , and solve the resulting K-dimensional optimization problem in equation 4. In fig. 5a we
sz plot the mean squared error achieved by the re-aiming solutions for each OMP decoder for each value
a3 of K. We find that as K increases, a lower mean squared error is achieved, demonstrating that this
s learning strategy can be effective for OMP learning. For this model motor cortical network, re-aiming
35 with about 15-20 command variables suffice to achieve a mean squared error as low as that achievable
s with WMP decoders using K = 2. For other motor cortical models with different connectivity, fewer than
ar 10 command variables suffice (Supplementary Figure Sle). These values of K comfortably fall in the
as range of the total number of extrinsic motor variables known to influence motor cortical activity.?3 59

a0 However, they may be too high for naive gradient-free optimization to succeed in solving equation 4

13


https://doi.org/10.1101/2024.04.18.589952

bioRxiv preprint doi: https://doi.org/10.1101/2024.04.18.589952; this version posted April 22, 2024. The copyright holder for this preprint

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Q
o
o
o

154 [

K
2
4
— 6
— 10

—
o

— 20

N

(&)

reachable manifold
participation ratio

J - —
2 4 6 8 1012 14 16 18 20 2 4 6 8 1012 14 16 18 20

number of command variables (K) number of command variables (K)

Figure 5: Generalized re-aiming produces good solutions for outside-manifold perturbations (OMPs).

a. Mean squared error achieved by generalized re-aiming solutions for all sampled OMP decoders, plotted as a function of
the number of command variables used for re-aiming, K. Lighter blue points show the mean squared error for individual
OMP decoders, darker open circles show the median over all sampled OMPs. For reference, dotted horizontal lines show
the mean squared error achieved by re-aiming solutions with K = 2 for the baseline decoder (black) and for WMP decoders
(red); for WMP decoders, the median over all sampled decoders is shown with shading marking the upper and lower
quartiles (corresponding to the values plotted in the red histogram in fig. 3d).

b. Participation ratio of the reachable manifold covariance (a measure of the effective dimensionality of the reachable
manifold; see Methods Section 4.4, equation 16) as a function of the number of command variables used for re-aiming, K.
c. Convex hull of OMP readouts reachable with different number of command variables, I?, for the same OMP decoder
shown in fig. 3c. The innermost ring (K = 2) corresponds to the convex hull of the reachable readouts plotted in fig. 3ciii.

under biological limitations (e.g. on memory, motivation, and noise), which might explain why primates
seem to only be able to learn to control OMP decoders when provided with a structured incremental
training paradigm.!'6

Why generalized re-aiming works can be understood by looking at how increasing K changes the
reachable manifold. A larger number of learnable command variables permits a more diverse set of
upstream inputs, which in turn implies that a more diverse set of activity patterns are reachable by re-
aiming. This diversity is quantified in fig. 5b by the participation ratio of the covariance of the reachable
manifold (see Methods Section 4.4, equation 17). The participation ratio measures the extent to which
variability is spread out over many dimensions (high participation ratio) or concentrated to only a few
(low participation ratio).’ We find that as K rises, the participation ratio of the reachable manifold
covariance increases, indicating it occupies more and more dimensions of state space. That said, the
participation ratio does begin to saturate at around K = 20, reflecting the fact that the reachable
manifold is ultimately limited by the smooth dynamics of the motor cortical network.

This expansion in the reachable manifold leads to the inclusion of new activity patterns that are
useful for OMP control. We can see this in fig. 5¢, which shows the readouts reachable through the same
OMP visualized in fig. 3ciii. The readouts reachable under different values of K are plotted with different
colors, revealing how re-aiming with a larger number of command variables allows the target readouts to
be reached. As the reachable manifold expands, more and more activity patterns occupying dimensions

relevant to OMP control become reachable, such that a wider set of readouts become reachable.
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= 2.5 Illusory credit assignment by generalized re-aiming

a0 We now turn to a different class of BCI decoder perturbation, termed the credit assignment rotation
s perturbation.®® We can think of the readout from a linear BCI decoder (equation 3) as summing together
2 the N columns of the decoding matrix D (termed the “decoding vectors”), each one weighted by the
w3 activity of the corresponding neuron (fig. 6a, top). Under a credit assignment rotation perturbation,
us  the decoding vectors of a random subset of neurons (the “rotated neurons”) are rotated by a given
us angle (fig. 6a, bottom). Errors induced by this decoder perturbation can be corrected by adjusting
us only the responses of the rotated neurons, while leaving the responses of the “non-rotated” neurons
sz unchanged. But doing so requires solving the so-called credit assignment problem:%? identifying which
us  neurons’ decoding vectors were rotated — a tall order given that the subject has no explicit knowledge
s about the BCI decoder or the few motor cortical neurons (among millions) it records from.

350 Despite these challenges, multiple studies have shown that non-human primates can learn to control

IL12,61 Thege studies used the same 2D cursor control task described above

31 such decoder perturbations.
2 (fig. 2a), in which subjects first control a BCI cursor using a baseline decoder fit to motor cortical activity
33 recorded during a calibration task, and then learn to control the cursor using a perturbed decoder with
s rotated decoding vectors. Subjects’ motor cortical activity changes after learning to control the perturbed
s decoder, and this can be characterized by the change in neurons’ tuning to cursor direction during BCI
36 control with the baseline and perturbed decoders. Each of these studies found that, after learning,
s7 tuning curves of both rotated (fig. 6b) and non-rotated neurons (fig. 6¢) shift in the same direction
s as the decoding vectors. For example, if the decoding vectors are rotated counter-clockwise, tuning
0 curves also shift counter-clockwise. Notably, however, tuning curves of rotated neurons shift more on
w0 average than those of non-rotated neurons (compare the simulated examples in fig. 6b and fig. 6¢). This
1 observation could be interpreted to support the hypothesis that the motor system is able to solve the
w2 credit assignment problem, and in fact Hebbian synpatic learning rules have been shown to recapitulate
s: these results by tuning individual neurons’ synapses.!” Here we consider an alternate hypothesis: that
s these results could arise from generalized re-aiming, a global learning strategy entirely unconcerned with
35 learning about individual neurons.

366 To test this, we follow the same procedure as above: we simulate motor cortical activity during the
7 calibration task, use it to construct a baseline decoder, and then sample 100 random credit assignment
s rotation perturbations (Methods Section 4.9). Following the experimental procedures of Zhou et al.
w0 (2019), the perturbed decoders are constructed by rotating a random selection of 50% of the columns of
s the decoding matrix, D, 75° counter-clockwise. For each decoder, we then compute the optimal motor
sn commands for each target (equation 4) and drive the network with them to simulate center-out cursor

sz movements learned by re-aiming. By comparing neurons’ directional tuning under the optimal motor
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Figure 6: Generalized re-aiming solutions reproduce motor cortical tuning changes observed under credit assignment
rotation perturbations.

a. A linear BCI readout (equation 3) can be interpreted as summing together columns of the decoding matrix D, each
weighted by the firing rate of the corresponding neuron (the centering term ¢ has been dropped here for simplicity). These
columns are called the neurons’ decoding vectors, and they are plotted on the axes below the equation. Under a credit
assignment rotation perturbation, the decoding vectors of a subset of neurons (marked in purple) are rotated by a fixed
angle (in this case 75° counter-clockwise). The neurons’ decoding vectors under this perturbed decoder are shown by
dashed green arrows. The neurons whose decoding vectors are rotated are termed “rotated” neurons (in purple), the rest
of the neurons that are recorded by the BCI are termed “non-rotated” neurons (in pink). Neurons that are not recorded
by the BCI (i.e. whose decoding vectors are just a vector of 0’s, not depicted here) are termed “indirect” neurons.

b. Tuning curve of a representative example rotated neuron of our model, during cursor control with the baseline decoder
(black) and with a credit assignment rotation perturbation (green). The dots show the time-averaged activity over tena =
1000ms while the motor cortical network is driven by the re-aiming solutions for each respective decoder, using K =2 for
the baseline decoder and K = 6 for the perturbed decoder. Curves show tuning curves fit to these responses (Methods
Section 4.9). The vertical dotted gray lines mark the preferred direction under each decoder, with an arrow labeling the
change in preferred direction.

c. Tuning curve of a representative example non-rotated neuron of our model, under the same two decoders. All conventions
exactly as in the previous panel. Note that this neuron’s preferred direction changes less than that of the rotated neuron
in the previous panel.

d. Mean squared error achieved by generalized re-aiming solutions for 100 random credit assignment rotation perturbations,
plotted as a function of the number of command variables used for re-aiming, K. Light green dots denote individual
decoder perturbations, overlaid darker open circles denote medians over all 100 sampled decoder perturbations. Black
dotted horizontal line shows the mean squared error achieved by re-aiming solutions to the unperturbed baseline decoder
with K = 2.

e. Average change in preferred direction of rotated, non-rotated, and indirect neurons between simulated cursor control
with the baseline decoder and each perturbed decoder, plotted as a function of the number of command variables used
for re-aiming, K. For each decoder perturbation, the changes in preferred direction are averaged over all neurons in each
sub-population, and the median over all sampled perturbations is plotted. Error bars mark the upper and lower quartiles.
Positive angles indicate a counter-clockwise rotatation, consistent with the direction of rotation of the decoding vectors of
the rotated neurons.

commands for the baseline decoder and for each perturbed decoder, we can determine how directional
tuning would change after learning that decoder perturbation by re-aiming.

Reflecting the fact that the baseline decoder is easy to learn, we used K=2to compute re-aiming
solutions for it. For the perturbed decoders, we simulated generalized re-aiming with 2 to 6 command
variables. We find that re-aiming with about K = 6 command variables is necessary to achieve the same
performance as with the baseline decoder (fig. 6d). That said, re-aiming with only K = 2 suffices to

achieve a relatively low mean squared error (around 0.1; compare to fig. 3d), suggesting ordinary 2D
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0 re-aiming could still be a viable learning strategy for this task.

381 As in the experiments, we measured neurons’ preferred directions (i.e. the direction at the tuning
2 curve peak, cf. fig. 6b and fig. 6¢) under the optimal motor commands for the baseline decoder and for
3 each perturbed decoder, and calculated each neuron’s change in preferred direction. We then averaged
s the change in preferred direction separately over rotated and non-rotated neurons. Figure 6e shows the
s median of this average change in preferred direction over all sampled perturbed decoders, as a function
s of the number of command variables used for re-aiming, K. Consistent with the experimental results, we
s find that re-aiming leads to a global counter-clockwise shift (a positive change in preferred direction) in
s motor cortical tuning curves congruent with the rotation of the decoding vectors. Importantly, we find
0 that generalized re-aiming with K > 2 command variables replicates the credit assignment effects seen
o in the experiments, whereby the preferred directions of rotated neurons shift on average more than their
s non-rotated counterparts. This is true despite the fact that the credit assignment problem was never
a2 truly solved: no neuron-specific parameters were modified under this learning strategy.

303 Because we have complete access to the full population of neurons in our motor cortical model, we
s can also measure tuning changes in the sub-population of “indirect” neurons not recorded by the BCI
35 (i.e. neurons whose decoding vectors in D comprise a vector of 0’s). These are plotted in fig. 6e with a
w6 gray line. Under generalized re-aiming, indirect neurons’ tuning curves shift less on average than rotated
a7 neurons’. Whether they shift more or less than non-rotated neurons’ tuning curves, on the other hand,
s depends on the specific value of K and varies considerably across different random decoder perturbations.
30 These two results are roughly consistent with the observations of Zhou et al. (2019), who found that,
w0 in two non-human primate subjects, the average change in indirect neuron tuning curves was smaller
s than that measured for the rotated neurons. However, this change was larger than that measured for
w02 the non-rotated neurons in one subject but smaller in the other, consistent with the variability observed
w03 in our simulations. To our knowledge, this is the only experimental study on indirect neurons’ responses
wa  before and after learning a credit assignment rotation perturbation; more studies are needed to fully test
ws  the predictions of our model.

406 An important additional prediction of our model is that credit assignment effects do not arise under
w7 ordinary 2D re-aiming (fig. 6e, K = 2). This is consistent with prior modeling work showing that
ws  two-dimensional re-aiming does not suffice to account for empirically observed changes in motor cortical
w0 tuning curves after learning a credit assignment perturbation.?® Interestingly, it is also consistent with
a0 recent experimental work showing that differences between rotated and non-rotated neurons seem to arise
m  gradually over multiple days of training.®! Our model suggests that this timecourse of learning reflects
a2 a change in learning strategy, whereby subjects initially engage in low-dimensional re-aiming to rapidly
a3 reduce gross cursor movement errors before turning to generalized re-aiming to further refine BCI control

ais  over a longer timescale, thus giving rise to more marked credit assignment effects later in learning. We

17


https://doi.org/10.1101/2024.04.18.589952

bioRxiv preprint doi: https://doi.org/10.1101/2024.04.18.589952; this version posted April 22, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

a5 briefly remark, however, that Zhou et al. did not observe changes in the preferred directions of non-
as  rotated neurons after the first day of training. In our simulation, on the other hand, the non-rotated
a7 neuron tuning curves shift back towards their starting values under the baseline decoder as the number of
ss  re-aimed command variables increases (see decreasing pink line in fig. 6e). This discrepancy between our
a0 model and the experimental data could be explained by subjects using suboptimal re-aiming solutions
w20 deviating from the optimal one (equation 4), possibly due to the difficulty of solving this optimization
a1 problem when K> 2, or due to the lack of pressure to find it. This possibility is also consistent with the
a2 fact that the amount of change in preferred directions is significantly larger in our simulation (30 — 60°)

»s than in the experimental data (20 — 40°).

2 2.6 Operant conditioning of individual neurons by re-aiming

w5 The third and final BCI task we study is the operant conditioning of individual motor cortical neurons. In
a6 this task, subjects are rewarded for simply increasing the activity of one group of motor cortical neurons
w27 over another.?8:63766 The fact that primates and rodents are capable of solving such tasks is often cited
w8 as evidence that the motor system can learn to specifically modulate the responses of individual neurons.
w9 Classical models of single-neuron operant conditioning have argued that these changes happen via reward-
s modulated plasticity at their synapses.'®67 Here we explore the extent to which these observations could
a1 instead be explained by re-aiming.

a2 We begin by considering the classic operant conditioning task of Fetz and Baker (1973). In this
a3 task, the subject is rewarded for increasing the firing rate of one neuron — termed the “target” neuron —
s while simultaneously decreasing that of another neuron — termed the “distractor” neuron. Remarkably,
a5 Fetz and Baker found that non-human primates are often able to do this with only minutes of practice.
ss  Moreover, the identity of the target and distractor neurons could be flipped midway through a recording
a7 session, and the subject would subsequently adapt to this new target assignment within tens of minutes,
s increasing the activity of the neuron whose activity was previously suppressed. Could low-dimensional
a9 re-aiming explain this behavior?

440 The answer depends on the reachable manifold. If the reachable manifold contains activity patterns
a1 in which neuron a is more active than neuron b, as well as activity patterns in which neuron b is more
a2 active than neuron a, then good re-aiming solutions will exist for both target assignments. This is
w3 illustrated in fig. 7a, which shows two neurons’ endpoint firing rates, r;(t..q), at various points on the
as  reachable manifold, following the same conventions as in fig. 3f. On this plane, activity patterns below
s the diagonal are rewarded when neuron a is the target neuron; activity patterns above the diagonal
wus are rewarded when neuron b is the target neuron. Because there are reachable activity patterns on
a7 both sides of the diagonal, good re-aiming solutions exist for both target assignments. We calculated

ws  optimal re-aiming solutions for each target assignment by maximizing the firing rate difference between
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Figure 7: Operant conditioning of individual neurons by re-aiming. ~

a. Activity of two model neurons at various points on the reachable manifold, at tenqa = 1000ms with K = 2, following the
same conventions as fig. 3f. As in that figure, each ring of activity patterns is generated by the corresponding ring of color-
and size- matched motor commands in fig. 3e. Activity patterns below the diagonal are ones where neuron a is more active
than neuron b, satisfying the task demands when neuron a is the target neuron; the reverse holds for activity patterns
above the diagonal. The green and orange open circles denote the activity patterns produced by the optimal re-aiming
solutions for the two respective target assignments. Note that, due to the metabolic cost term in the re-aiming objective
function, these do not necessarily correspond to the points on reachable manifold that are furthest away from the diagonal.
b. Difference in activity produced by re-aiming solutions for each target assignment (at time tena = 1000 ms, the endpoint
time the re-aiming solutions were optimized for), for 500 random pairs of neurons from the same model motor cortical
network used in previous simulations. Each dot corresponds to one pair of neurons. The pair of neurons shown in previous
panel is marked by an open circle. Two additional examples are marked by open circles. Insets show the activity of those
neuron pairs at various points on the reachable manifold, following same conventions as the previous panel.

c. Difference in activity (at tena = 1000 ms) produced by the re-aiming solutions optimized for neuron a being the target,
for the same 500 random pairs of neurons, plotted as a function of the correlation between the two neurons during simulated
spontaneous behavior. The three example pairs of neurons highlighted in the previous panel are again highlighted here
with open circles. A quantitatively similar trend is observed for r, — r, with re-aiming solutions optimized for neuron b
being the target (data not shown).

d. Activity of indirect neurons (at tena = 1000 ms) for the same neuron pairs and re-aiming solutions in previous panel,
plotted as a function of correlation with neuron a during simulated spontaneous behavior. A quantitatively similar trend is
observed for correlations with neuron b with re-aiming solutions optimized for neuron b being the target (data not shown).

the target and distractor neurons, subject to a metabolic cost (equation 29). The activity produced by
these optimal solutions are marked by the open red and green circles. These evidently satisfy each target
assignment, with neuron a achieving a higher firing rate under one re-aiming solution (green circle) and
neuron b achieving a higher firing rate under the other (red circle).

More generally, we can think of this plot as a particular two-dimensional projection of the reachable
manifold, specified by the pair of neurons a and b. A given neuron pair thus admits good re-aiming
solutions for this task whenever the corresponding projection of the reachable manifold covers the ap-
propriate side(s) of the diagonal. Framed in this way, it is easy to intuit that for most random pairs of
neurons a good solution will generally exist for at least one target assignment — random two-dimensional
projections of the reachable manifold are unlikely to lie exactly on the diagonal. We verify this intuition
by sampling 500 random pairs of neurons from our model motor cortical network (see Methods Section
4.10) and checking whether the re-aiming solutions for the two target assignments produce higher firing
rates for the target neuron than for the distractor neuron. The difference in the two neurons’ firing rates
produced by the optimal re-aiming solutions are plotted in fig. 7b. For most neuron pairs, we see that

at least one of the two neurons can be activated more than the other. In many cases, both neurons can
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e be activated more than the other, meaning that both target assignments could be learned by re-aiming.
465 For some neuron pairs, however, the optimal re-aiming solutions do not produce a large difference
ws in firing rates under either target assignment. These infelicitous neuron pairs are ones where the two
w7 neurons are highly correlated across all activity patterns on the reachable manifold, such that the relevant
w8 projection doesn’t deviate strongly from the diagonal and no good re-aiming solutions exist. One such
wo example is shown in the inset on the right, where the reachable manifold lies largely right on the diagonal,
a0 and thus both re-aiming solutions lead to near-0 difference in firing rates. A different kind of exampe is
an shown in the inset on the top, where the two neurons are correlated in such a way that the reachable
a2 manifold resides on only one side of the diagonal. In this case, a good re-aiming solution exists for one
a3 target assignment but not for the other. These observations reveals a tight relationship between neural
ann correlations and operant conditioning performance: the more correlated a pair of neurons is across
a5 reachable activity patterns, the more difficult it should be to selectively activate one more than the other
a6 by re-aiming.

ar7 Is this prediction of our model consistent with experimental observations? Without empirical access
as to the reachable manifold, we cannot directly measure correlations across reachable activity patterns.
ao But if we assume that neural activity during a prior “calibration task” is driven by the same command
w0 variables used subsequently for re-aiming — as we did in our simulation of WMP/OMP learning —, then
a1 we should expect neural correlations during this calibration task to approximately match correlations
a2 across the reachable manifold used for re-aiming. This predicts that neural correlations during a prior
w3 calibrationt ask should be predictive of subsequent operant conditioning performance. This prediction
s 1s in fact consistent with observations from a study by Clancy et al. (2014), in which the conditioned
s neurons’ correlation was measured during a period of spontaneous behavior (the “calibration task”) just
ws  prior to performing operant conditioning. Consistent with our model’s prediction, they observed that
w7 the stronger the correlation during spontaneous behavior prior to operant conditioning, the worse the
ws  mouse tended to perform the subsequent operant conditioning task.

289 To quantify this prediction, we simulated the experiment of Clancy et al. We first simulated motor
a0 cortical activity during spontaneous behavior by driving the model motor cortical network with randomly
s sampled motor commands in which only two command variables, #; and 603, were allowed to vary (all
w2 other command variables were set to 0). We sampled 50 such motor commands to simulate 50 bouts
w03 of spontaneous activity (cf. Methods Section 4.10). For each conditioned pair of neurons, we measured
wa  their correlation coefficient over all activity across the 50 bouts, and then simulated re-aiming with the
w5 same two command variables, 6; and 6. We quantified the efficacy of re-aiming with the firing rate
w6 difference between the target and distractor neurons at the optimized endpoint time, t.,,. Mirroring
w7 the experimental results of Clancy et al., we find that the spontaneous activity correlations are weakly

w8 but significantly predictive of re-aiming efficacy (fig. 7c). We briefly remark here that the operant
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w0 conditioning task of Clancy et al. differs from our simulations in that pairs of ensembles of up to 11
s neurons were conditioned, rather than pairs of single neurons. In Supplementary Materials Section S.1.4,
so  we show that the same results hold in this setting as well.

502 Finally, we consider what happens to the “indirect” neurons — neurons that are neither a target nor
s3 a distractor. Clancy et al. observed that, after learning, indirect neurons strongly correlated with the
su  target neuron during spontaneous behavior remained highly active during performance of the subsequent
ss operant conditioning task (supplementary figure 9a in%). This is consistent with our model of re-aiming,
so in which re-aiming tends to drive indirect neurons proportionally to their correlation with the target
sov neuron during spontaneous behavior (fig. 7d). Our model is not, however, consistent with another
se  observation by Clancy et al.: indirect neurons that were moderately correlated with the target neuron
soo  were highly active only in the early stages of learning, but by the end of learning became silent. A
si0  possible explanation for this inconsistency is that subjects re-aim with K > 2 command variables. If
su  spontaneous behavior during the calibration period were driven by more than 2 command variables, we
sz would expect subjects to re-aim with more as well. Given the complexity of spontaneous behavior, this
si3 1S a reasonable explanation, but we leave for future work a more comprehensive study of generalized

su re-aiming with K > 2 command variables in operant conditioning tasks.

515 Discussion

sis  In this study, we proposed and investigated the hypothesis that motor cortical BCI learning proceeds via
si7 - a learning strategy we refer to as generalized re-aiming. Under this strategy, internal motor commands
sis are manipulated to control the BCI using the same motor cortical circuitry used during natural motor
si9 behaviors. Because only a few command variables need to be manipulated to achieve this goal, learning
s0 can proceed rapidly and flexibly, and, because the motor cortical circuitry is conserved, the operation of
sn  motor cortex during natural motor control is conserved as well.

522 To study the neural and behavioral consequences of this learning strategy, we formulated a mechanistic
553 model of re-aiming in which the internal command variables specify upstream inputs to motor cortex. By
s analyzing how these inputs get transformed into motor cortical activity patterns through the circuit’s
s nonlinear recurrent dynamics, we were able to demonstrate that re-aiming can in fact account for a
26 wide range of experimental observations about BCI learning. This model can explain the different

14,16

s2»  timescales of learning required for different BCI decoders, selective changes in motor cortical tuning

I1,12,61 and the seemingly astonishing ability of mammals to flexibly modulate the

s curves over learning,
s activity of single neurons via operant conditioning.?®:%3:%% The model also makes a novel experimental
s prediction about behavioral biases during short-term learning (fig. 4), which we were able to corroborate

sn in previously published data.'® The success of this model at replicating these empirical phenomena

s provides an explanation in terms of the biological dynamics of neural circuits.
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s 3.1 Intrinsic variable learning vs. individual neuron learning

s An important debate in the BCI learning literature has been whether human and non-human primates are
s35  able to precisely learn and control the contribution of individual neurons to a given BCI decoder readout —
s3s  the so-called “individual neuron learning” hypothesis. Several studies have been directly aimed at testing

11,12,33,61 and against it.343° The alternative hypothesis is

s37  this hypothesis, leading to evidence in favor
s often referred to as “intrinsic variable learning”,” whereby subjects learn to control the BCI using the
s same constrained set of activity patterns usually used for natural motor control, unable to independently
s control the activity of single neurons. Our model of re-aiming is a particular formalization of this latter
s hypothesis, with the command variables 01,0, ...,0% acting as the so-called intrinsic variables.

542 Our simulations of generalized re-aiming show that many experimental results traditionally attributed

17,67 can be accounted for by intrinsic variable learning. In

si3 to some form of individual neuron learning
s particular, even classical single neuron operant conditioning results can be reproduced by our model. Our
ses  simulations show that the dynamics of recurrently connected neural circuits are capable of generating
s6  the activity patterns required by these BCI tasks, without the need to optimize parameters specific
sz to individual neurons or synapses.’® This suggests caution in underestimating the role of macroscopic

69,70

ss cognitive strategies when observing what may look like highly specific, microscopic, changes to the

si9 - activity of single neurons.

s 3.2 The role of synaptic plasticity in BCI learning

ssi All the results we replicated here have been previously replicated by various models of synaptic plas-
s2  ticity within motor cortex. As argued in the introduction, however, learning by optimizing synaptic
53 parameters entails solving an extremely high-dimensional optimization problem with no access to ex-
ssa plicit gradients, which would limit learning to be slow and brittle. Several of these previously proposed
55 models worked around this problem by using small and simplified feed-forward models of motor cor-

17,68

s tex or biologically implausible learning rules.'®2%7! A few have demonstrated that, for simple tasks

ss7  like operant conditioning, biologically plausible learning rules can in fact succeed in biologically relevant

18,67 However, to our knowledge, none have comprehensively accounted

s regimes despite these obstacles.
sso  for all three sets of experimental results considered here, including the observed effects on non-recorded
ss0 neurons and the dependence of operant conditioning performance on neural correlations.

561 That said, the present study does not by any means rule out the possibility that synaptic plasticity
s2  within motor cortex may play an important role in BCI learning; rather, it reveals the surprising capa-
s3  bilities of a pure re-aiming strategy. The true mechanisms underlying BCI learning most likely comprise

s a mixture of both re-aiming as well as synaptic plasticity, and future work will be needed to tease apart

ss  the contributions of these two learning mechanisms and understand how they are coordinated.
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566 One natural possibility is that synaptic plasticity operates on a much slower timescale than re-
s aiming.”? This could help explain selective changes to motor cortical responses that only arise late in
ss  learning and are not replicated by our model. For example, Clancy et al. (2014) observed in their operant
ss0  conditioning experiments that indirect neurons not strongly correlated with the target neuron become
s silent late in learning.®® Ganguly et al. (2011) similarly observed that indirect neurons become less tuned
sn to reach direction after days of practice with a given BCI decoder. Jarosiewicz et al. (2008) reported
s»  a similar effect in rotated neurons after a credit assignment rotation perturbation (although note that
s this effect seems to disappear when increasing the proportion of neurons rotated, see [12, 61]). These
sz selective changes in tuning strength are not reproduced by our model of re-aiming (Supplementary Figure
si5 - SHa), but previous theoretical work has demonstrated that they can be reproduced by reward-modulated
s Hebbian plasticity in a simplified model of motor cortex.!”

577 An additional set of observations that are not well accounted for by our model come from a few
sw  recent studies demonstrating long-term changes in motor cortical activity after short-term learning.” 7
s In particular, Losey et al. (2024) found that motor cortical activity during baseline decoder control
sso  changed before and after learning a WMP within a single experimetal session. Our model could account
ss1  for this if the upstream population driving motor cortex encoded not only the motor commands relevant
sz for control but also additional variables indexing the current behavioral context,” ™ or a memory trace

ss of the current task.”

s 3.3 The “intrinsic manifold” of population activity

sss A simple but important takeaway from this study is that the low-dimensional structure of activity in
sss  a population depends not only on the intrinsic dynamics and connectivity within that population, but
ss7  also on the structure of its upstream input. The observation that population activity is confined to

58

7161976 or the “neural modes

s a low-dimensional subspace — often termed the “intrinsic manifol
s does not mean that the circuit connectivity prevents it from generating activity patterns outside of this
s subspace. It is likely that many more activity patterns outside of this subspace are accessible, but that
s only a low-dimensional subset are accessed by the inputs evoked by the subjects’ behavior during the
s recording session.%077

503 This insight leads to a novel interpretation of the observation that outside-manifold perturbations
ss  Tequire a longer time to learn than their within-manifold counterparts.'*'6 Previous models of this phe-
ss  nomenon have assumed that the longer learning time reflects the challenge of modifying the motor cortical
s connectivity to permit the production of activity patterns outside of the intrinsic manifold.'?:2%:6%71 Qur
so7  simulations demonstrate that this isn’t necessary, and that in many cases it may suffice to simply exploit

ss additional input dimensions beyond those evoked by the calibration task (fig. 5a, Supplementary Figure

s Sle). Under this model of learning, the longer learning time required for OMPs reflects the fact that
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o0 these new input dimensions need to be discovered from scratch, as the calibration task provides little
eor prior information about them.

602 Another important aspect of the intrinsic manifold that this study highlights is its nonlinear structure.
s3 Because firing rates are bounded from below by 0, activity patterns are confined to the positive orthant
e Of state space. This constraint imposes a conical structure on population activity within the intrinsic
s manifold (fig. 3f, Supplementary Figure S2), which we show in Supplementary Materials Section S.1.3 is
ss in fact necessary to account for experimentally observed behavioral biases in WMP learning. Given the
s7 strong behavioral repercussions this structure can have on BCI control, understanding and identifying
ss such nonlinear structure in motor cortical activity may prove crucial both for understanding BCT learning

s0 as well as for designing better BCI decoders.

a0 3.4 The role of the calibration task in BCI learning

en  From a more practical perspective, our theory of re-aiming highlights the role of the calibration task in
sz BCI learning. The calibration task is typically seen as a way to calibrate the decoding parameters; that
sz 18, as a source of information for constructing the BCI decoder. Here we suggest that it additionally serves
e as a source of information for the subject itself, that is, for the BCI learner.”® " For example, in modeling
65 WMP learning, we assumed that subjects re-aimed with the two command variables modulated by the
eis calibration task; in modeling operant conditioning, we assumed that subjects re-aimed with the same
sz command variables driving spontaneous behavior prior to the operant conditioning task. If any other
sis  two command variables had been optimized instead, the re-aiming strategy would not have succeeded
619 in solving the task. It is the prior information provided by the calibration task that allows efficient
e0 learning by telling the subject which command variables to re-aim with. This hypothesis is consistent
e with various BCI learning studies demonstrating that subjects learn to control BCIs using the same
s2 patterns of activity evoked by the task they were engaged in just prior to BCI learning.'82°

623 Importantly, it predicts that the calibration task can influence subjects’ ability to learn a given BCI
ea decoder, and therefore that careful design of this task could help improve subjects’ learning speed. For
es example, the calibration task should evoke changes in as few command variables as necessary, so that
e subjects subsequently re-aim by optimizing only those K < K command variables and avoid wasting
67 time exploring modifications to other command variables. A prediction of our model is that learning

e2s should be slower when the calibration task evokes changes in more command variables.

o 3.5 How are the re-aiming solutions learned?

60 The theory presented here treats the question of what solutions subjects learn, and makes no claims
61 about how they are learned and subsequently maintained. That said, a strong assumption we made in

62 motivating the re-aiming learning strategy was that learning could operate within the low-dimensional
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633 space of the command variables. It is this low dimensionality that we claimed would be critical for
e efficient learning; if the command variables were learned by simply optimizing the connectivity of an
635 upstream circuit, then the limitations of learning by synaptic plasticity would also apply to learning by
63 Tre-aiming.

637 One intriguing resolution to this problem would be that the command variables are stored and
es updated in the activity — rather than the synapses — of an upstream circuit, as in the pre-frontal cortex
s model of Wang et al. (2018).89 In this model, a recurrent neural network implicitly stores a behavioral
s0 policy in its internal state, which, through the network’s dynamics, is updated over time as it interacts
e with the environment and observes which actions are rewarded in which states. A similar architecture
s2  might operate upstream of motor cortex, whereby an upstream circuit continually stores and updates a
63 sensorimotor policy for selecting low-dimensional motor commands. This learning circuit would likely
s encompass additional populations beyond those directly driving motor cortex, such as the basal ganglia,
oss  which are well known to play an important role in BCI learning.5481-83

646 We finally remark that the short timescale of WMP learning closely mirrors that of motor adaptation,
67 in which subjects adapt their natural movements to a systematic environmental perturbation. Learning

2,6,7.73 gimilar to the time it takes non-human

ss these tasks typically requires 100’s of trials of practice,
&9 primates to learn WMPs. Neural recordings during these tasks have suggested that changes in neural
eo activity during motor adaptation are driven by changes in the preparatory input from dorsal pre-motor

7,84

61 cortex to primary motor cortex. Moreover, changes in the preparatory state of motor cortex (pre-

43:44,46) have been shown to play a critical role in motor adaptation

62 sumably set by upstream inputs
3 tasks under manual control™ as well as BCI control.3? These results are consistent with the idea that,
esa much like in our model of re-aiming, motor adaptation involves modifications to the inputs driving motor

&5 cortex while motor cortex itself remains unchanged. Our model of re-aiming may thus be relevant to

66 more general and naturalistic forms of sensorimotor learning beyond BCls.
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657 Methods

e 4.1 Motor cortical dynamics

e0  Motor cortical activity was simulated by integrating equation 1 using a standard 4th order Runge-Kutta
0 method with step size 0.1ms, implemented with the torchdiffeq Python package.®® Reachable activity
s1  patterns, r(t...; @), were computed by integrating this equation from the initial condition at time ¢t = 0
62 to the endpoint time t = t..4, with constant inputs determined by the given motor command, 6, using
3 equation 2. We assumed silent initial conditions, x;(0) = 0, to enable a computationally efficient solution
¢ to the re-aiming objective function (see equation 12). Decoding from the reachable activity patterns using
s equation 3 yields the reachable readouts, y(t..q;0).

666 In all simulations in the main text, sparse random recurrent weights, W;7 were used: only 10% of
e7 these weights were set to non-zero values, which were independently sampled from a zero-mean Gaussian,
s N(0,1/N), where N is the total number of motor cortical neurons in the network. Input weights were
s all sampled from a zero-mean Gaussian, W ~ N(0,1/M), where M is the total number of inputs.
s Encoding weights were sampled randomly from the standard Gaussian distribution, U;; ~ N(0,1) (any
en  normalization is taken care of by the metabolic cost term in equation 4 when computing re-aiming
o2 solutions). Other connectivity patterns are considered in Supplementary Figure S1. We used 7 = 200ms,
o3 as in the motor cortical model of Hennequin et al. (2014). To enable efficient numerical simulation,

sa  network size was set to N = M = 256. Simulations with larger networks (up to N = M = 2048 neurons)

s produced similar results (data not shown).

o 4.2 Computing re-aiming solutions

e7  Concatenating the command variables into a K-dimensional vector that contains only the command
es  variables being optimized, 0= 61 6 ... Oz|, wecan treat equation 4 as an optimization over all
o K-dimensional vectors @ in RX. We can simplify this optimization problem by first analytically solving
o for the optimal magnitude of 6, ||5 ||, given its direction. Once we have this optimal magnitude, all that
61 remains is an optimization over its direction — an optimization over unit vectors on the K-dimensional
62 unit hypersphere. This is a (f( — 1)-dimensional manifold that, importantly, is bounded, so we can
63 hope to find the optimal direction efficiently by brute-force search, avoiding the difficulties of non-convex

es gradient-based optimization in high dimensions.

Formally, we decompose the re-aiming optimization (equation 4) into an optimization of the norm,
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s, and direction, 50, of 57

« _ M N
5,00 =argmin ||y (feu;560) — y*H2 + % Zui(500)27 (7)
s,00 =

subject to s > 0, |60 = 1.

65 We can analytically solve for the optimal magnitude, §, by exploiting two simplifications afforded to us
s by the rectified linear activation function ¢(-) of the motor cortical dynamics (equation 1b). The first is
7 the scale-invariance of the activation function (¢(sz) = s¢(x) for any s > 0), which accordingly endows

es the motor cortical dynamics with scale invariance,
r(t;s0) = sr(t;0), s> 0, (8)

s whenever z;(0) = 0 (see Supplementary Materials Section S.2.1 for a formal proof), which we assumed
60 to be the case in our simulations. The second simplification is to approximate the quadratic cost term

s1 by its large M limit
LS 602 = 1002,
MZU,-(O) ~ A}lgloo—z:u, (9)
i=1

The equality holds whenever the encoding weights (U;; in equation 2) are independent and identically
distributed with zero mean and unit variance, as they are here, so that the law of large numbers can
be invoked to replace the sum with an expectation over the encoding weight distribution (the factor
of 1/2 arises from the fact that only half of each axis counts towards the expectation due to the linear
rectification, see Supplementary Materials Section S.2.2 for a formal proof). Inserting these two equations

into equation 7 together with the BCI readout equation 3, we obtain

3, 00 =argmin HsDr( s 00 )—Dc—y 24 %32

590

(10)

subject to s > 0, |G| = 1.

It is then straightforward to solve for § in terms of 50, yielding the following closed set of equations:

e (Dc+y*)~DI‘(tend;§o)>
5@ ):¢< mdl S (11)
’ D (tenas 80) [|” + 3

6y = argmin [|$(G0)Dr(t,..: 6) — De — y*
6o

" 25(60)° (12)
subject to |G| = 1,

e2 where the - notation denotes the Euclidean dot product. We have thus reduced what was an optimization

s over all vectors in RE (equation 4) to an optimization over all vectors living on the K-dimensional unit
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¢ hypersphere (equation 12).

695 We can therefore approximately solve this new optimization problem via brute-force search, by simply
es uniformly sampling a large number of 50’8 on the unit hypersphere and identifying the one that produces
sr the smallest value of the loss function in equation 12. Evaluating r(t.., 50) for a large number of 50’5
ws can be done efficiently by using a GPU to integrate in parallel the dynamics driven by each 50. Note
eo that, once these activity patterns have been calculated, they can be re-used to perform the brute-force
w0 search optimization for any given value of v, without having to again integrate the dynamics.

701 For simulations with K = 2, this brute-force search algorithm sufficed to produce good re-aiming
72 solutions. In this case, the relevant hypersphere is the unit circle, from which it is straightforward to
73 sample densely and uniformly. For simulations of generalized re-aiming, however, we took an additional
s step to ensure the obtained solutions were as good as they could be even for the larger values of K ,
s where it becomes more difficult to sample densely from the corresponding unit hypersphere. We first

217 vectors sampled uniformly from the unit hypersphere, as just

06 performed a brute-force search over
o7 described, to obtain an initial estimate of the re-aiming solution. This initial estimate was then used
s as a starting point for the L-BFGS algorithm,® which we then applied to minimize the re-aiming loss
w0 function (equation 4) with respect to the raw command variables 61,6s,...,0z. We found that this
no additional step was essential when K > 10.

m In all simulations in the main text, we used an endpoint time of ¢,,, = 1000 ms, reflecting the typical
2 time it takes for trained primates to complete center-out reaches under BCI control.'’14 The results of
73 simulations with other endpoint times are shown in Supplementary Figure S1b. To simulate a center-out

ne  reaching task, the target readouts y* were set to eight equally spaced unit vectors on the unit circle (cf.

ns  fig. 3c). Mean squared error is calculated as

8
1 - 2
mean squared error = 3 Z ||y(tcnd; 0(y:‘)) — y:‘H , (13)
i=1
ne  where y1,¥5,...,ys correspond to the eight radial target readouts. Because the targets are unit norm,
n7  a mean squared error of 1.0 corresponds to that achieved by readouts at the origin.
718 In the case of operant conditioning, there is no “target readout” per se, as subjects are simply

7o instructed to modulate firing rates as much as possible in a given direction. In this case, a different

20 re-aiming objective was used, see the section “Simulation of operant conditioning” for details.

=m 4.3 Setting the metabolic cost weight

722 The metabolic cost weight parameter v was picked to ensure that low mean squared error would be
= achieved under the baseline decoder with K = 2. We calculated re-aiming solutions with K =2 for the

74 baseline decoder under a wide range of values of 7. We took advantage of the fact that the brute-force
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s search algorithm outlined above allows us to easily evaluate solutions for different values of v with only
26 a single forward pass of the model. Once we had re-aiming solutions for each value of v, we calculated
77 the error achieved by these re-aiming solutions for each target readout, and found the largest value of
728 -y that permitted a squared error of less than .05 for each of the eight targets. v was then fixed to this

9 value for simulations with all the decoder perturbations.

= 4.4 Characterizing the reachable manifold

= The reachable manifold is the set of activity patterns at time t.,q that can be generated by any motor
7 command allowable under the re-aiming strategy. We assume that these allowable motor commands
73 are bounded, reflecting the fact that (i) actual extrinsic motor variables are finite and bounded and (ii)
7 upstream firing rates are bounded. Formally, we enforce this by assuming an upper bound on the motor
735 command norm, |0 < s,... In our simulations of short-term learning of WMP’s and OMP’s, we set the
76 value of this bound to the maximum norm over all 2D re-aiming solutions to all decoders. Specifically,
w we computed re-aiming solutions for each target readout and decoder perturbation (8 target readouts
2 x (100 WMP’s + 100 OMP’s + baseline decoder) = 1,608 re-aiming solutions) with K = 2, calculated
70 their norms, and set s,,., to their maximum. For the randomly connected network presented in the main
o text, we found this value to be approximately 1.25.

741 In figure 3f, we drove the motor cortical network with motor command vectors with five distinct
> norms, [|0]] € {0.1,0.4,0.7,1.0, ...}, chosen to aid visualization of the reachable manifold. We picked
3 256 equally spaced angles between 0 and 27 and constructed 2D vectors with each angle and each norm
¢ to obtain the command variable pairs, 61,63, shown in fig. 3e (all other command variables were set to
s zero). We then simulated the motor cortical network with each of these motor commands to obtain a
us large ensemble of activity patterns on the reachable manifold, r(¢..q4;0), and projected these onto their
a7 top three principal components to obtain the visualization in figure 3f. Figure 3c plots the readouts of
ns each of these activity patterns from three different decoders. Figure 4a plots the readouts from four
o different WMP decoders, in this case using activity patterns generated from motor commands with four
w0 different norms equally spaced between 0.1 and s, (thus producing four loops of readouts instead of
w1 five). In figure 7a, five motor command norms equally spaced between .1 and the maximum norm of the
72 re-aiming solutions for that pair of neurons were used. These choices were all made to aid visualization
3 of the reachable manifold’s structure.

To obtain the centroid, r, and covariance, X,, of the reachable manifold for K = 2, we computed
expectations over a uniform distribution on the reachable manifold. Note that an expectation over
uniformly distributed activity patterns on the reachable manifold is not the same as an expectation
over activity patterns generated by uniformly distributed command variables. These two distributions

of activity patterns are related via the Jacobian of the mapping from command variables, 61,602, to
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activity patterns, r(t..q; @), which was used to derive the following two expressions for ¥ and X, (see

Supplementary Materials Section S.2.3 for full mathematical derivation):

2 Jo ro(@)lro(@)Irh(p)ll sinw(p) de

= =S, o (14)
3 Jo lIro(@)llllrg (@)l sinw () de
ol ST ro(0)ro(9) T lIro(@)lIrh ()| sinw(y) dy BT (15)
2 I3 lro(@)lllIrh (o) sinw () dep

where ro(p) is the population activity at time t.,4 generated by a pair of non-zero command variables
61, 03 with angle ¢ and unit norm, r{(¢) is its derivative with respect to ¢, and w(y) is the angle between
ro(p) and r{(p). We used a finite-differences approximation for the derivative ry(¢) and computed these
integrals numerically by summing over a dense range of values of ¢ € [0,27]. This estimate of the
reachable manifold centroid, r, is plotted in figures 4a, 4b, and S2a. This estimate of the reachable
manifold covariance, X, is used for the variance explained curve plotted in figure 3g.

Analagous calculations for K > 2 quickly become numerically intractable, as the derivatives and
integrals become multivariate as the number of polar coordinates increases. We thus chose to characterize
the dimensionality of the reachable manifold under generalized re-aiming by the covariance over activity
patterns produced by uniformly distributed motor commands, which we denote by 3y. As already noted,
this is not the same as the covariance over activity patterns uniformly distributed on the reachable
manifold manifold, but these two covariances are strongly related. This covariance is given by (see

Supplementary Materials Section S.2.4 for derivation)

2 2 T

By = <r(te,,d;§0)r(tend; 50)T>§O - S‘Z’X <1"(ltend;§o)>§0 <r(tend; §O)>§o’ (16)

Vo)

where (-)5  denotes an expectation over a uniform distribution on the unit-norm (K — 1)-sphere. These
expectations were estimated numerically by uniformly sampling 2'7 vectors 50 € RX from the unit
hypersphere, setting the K non-zero command variables to these values, calculating the activity patterns
generated by these motor commands at time t.,q = 1000ms, r(t..q; 50), and then averaging over the
resulting ensemble of activity patterns.

This estimate of the reachable manifold covariance, Xy, is used to compute the participation ratio
plotted in figure 5b as a function of K , using the formula

Tr[) (vazl /\i)2

participation ratio of ¥y = = , (17)
Tr [ SN N2

i=1""

where A1, Aa,..., Ay are the eigenvalues of 3.
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= 4.5 Quantifying biases in BCI readouts

To quantify behavioral biases, we used the maximal cursor progress metric defined in equation 6. This
equation was solved by again exploiting the same re-parameterization of the motor commands we used for
calculating re-aiming solutions (equation 7). Specifically, we decompose the vector of non-zero command

variables, 0= 0, 0y ... 0z

K], into a magnitude and direction, 8 = s, where s > 0 and |6 = 1.

Plugging in the readout equation (equation 3) into the definition of cursor progress (equation 5) and
exploiting the scale invariance of the motor cortical dynamics (equation 8), we have that the maximal

cursor progress is given by

P (y") =max {D (ép(go)r(tend; 50) - C) : y*} (18)

6o

subject to [|6g = 1,

where

_ - Smax  1f Dr(tend; 00) cy* >0
5,(60) :=arg max sDr(tend;BO) cyF = ) (19)

° 0 else

subject to 0 < 8 < Spax

% Since K = 2 in these simulations (and thus 50 is just a 2D unit vector), we were able to effectively solve
7o the optimization problem in equation 18 by brute-force search over densely and uniformly sampled 50’5

m from the unit circle.

= 4.6 Re-analysis of data from Sadtler et al. (2014)

7z To quantify behavioral biases in the experimental data, we estimated the maximal cursor progress in
s each experimental session by using the cursor progress values observed in the window of 50 contiguous
s trials of WMP control with shortest average reach completion times. At each timestep in each trial, we
76 calculated the cursor progress in the direction of the target relative to the cursor’s position at that time.
7 We then binned the per-timestep relative target directions into 45° bins centered at the eight radial reach
s target angles, and averaged the cursor progresses in each bin to obtain an average cursor progress for
m  each target direction. We take these averages to be estimates of the subject’s mazimal cursor progress
0 with that session’s WMP decoder, as they are taken from the 50 trials with fastest reaches.

781 To predict the maximal cursor progress in each session from the target direction angle with D¥, we
2 sought an estimate of the reachable manifold centroid, r, that could be empirically measured from the

s recorded neural activity, without access to the underlying reachable manifold. To do this, we noticed
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7 that, in our model, the time- and trial- averaged population activity generated by the re-aiming solutions
75 for the baseline decoder — which we denote by r — was highly correlated with the true reachable manifold
s centroid, T. We therefore used T to estimate T, since T can be easily estimated in the experimental data
7 by simply averaging motor cortical activity during the baseline decoder control block in each session.
s We calculated target-specific means by averaging motor cortical activity over all trials and time during
7 reaches to each target, and then averaged these target-specific means over targets to obtain r. This
w0 was the estimate of the reachable manifold centroid — and its projection through the respective WMP
1 decoder in each session, DT — used in the analysis presented in figure 4d.

702 To keep the analysis of the data and the model consistent, we also used an analogous estimate of
s the reachable manifold centroid for the analysis of the model in figure 4c. In this case, I was measured
s by simulating reaches to each target by driving the motor cortical network dynamics with the re-aiming
75 solutions for the baseline decoder, and then averaging the motor cortical firing rates over all time and
76 over all eight reach directions. We found that the resulting negative correlation was similar regardless of

77 whether the true reachable manifold centroid, ¥, (data not shown) or its estimate, r, was used.

s 4.7 Simulation of the calibration task

0 The calibration task was simulated by setting the first two command variables 01, 65 to the coordinates
so of the reach direction y; being presented in each trial (a 2D unit vector pointing in one of eight equally
sr  spaced angles), and setting all other command variables to zero (03 = 04 = ... = 0k = 0). To simulate
g2 noise in the neural responses, we added noise in the dynamics, in the motor commands, and in the
s3 initial conditions on each trial. At each timestep, zero mean Gaussian noise with standard deviation 0.05
s was sampled and added to the single neuron potentials x;(¢t) and to the two command variables 61, 0.
ss Initial conditions in each trial were sampled randomly from a 0-mean isotropic Gaussian with standard
sws deviation 0.1. The network was driven for 1000ms in each trial, matching the duration of each trial in
sor the experiment.

408 For simulations with WMPs and OMPs, we simulated 10 trials of each reach direction, replicating the
s0  structure of the calibration task used by Sadtler et al. (2014). For simulations with credit assignment
s rotation perturbations (fig. 6), the calibration task was identical except that only a single trial of each
s reach direction was simulated, to mimic the decoder initialization procedure of Zhou et al. (2019). Note
sz that in all cases re-aiming with K = 2 command variables implies re-aiming with the same two command

a1z variables driving the calibration task neural responses, 6, and 6.

a0 4.8 Within- and outside- manifold perturbations

as  In the BCI system used by Sadtler et al. (2014) and Oby et al. (2019), 96-channel microelectrode arrays

a1 were used to record neural activity. Spikes were detected by threshold crossings in the recorded voltage
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a7 signals at each electrode, resulting in a series of spike trains at each electrode. Spike trains at each
sis  electrode could therefore contain spikes from multiple neurons near the electrode site, as no spike sorting
a9 was performed. In total, about 100 neurons were likely to have been recorded, constituting a small
a0 fraction of the total population of neurons in motor cortex. To simulate this, we ensured that the BCI
s decoder in our simulations only had access to a linear mixture of firing rates from N, = 99 neurons (so
s2  as to be divisible by £+ 1 = 9, to group neurons by modulation depth, see below). This was done by first
s23  multiplying the firing rates with a N, x N “recording matrix”, H, which had the following tri-diagonal

g4 structure

0 if j > N,
Hij = { &; ~ Unif(0,1) if j < N, andi—3<j<i+3 (20)
0 else

ss  Thus, each “neural unit” in the vector Hr is composed of a linear mixture of seven neurons, with “neural
a6 units” with adjacent indices mixing together overlapping sets of neurons.
827 Following Sadtler et al., we next z-scored the activity recorded by each neural unit with respect to

a8 its statistics during the calibration task,

y = DoS 'H(r — ¢) (21)
NI
D

@29 where ¢ is an N-dimensional vector with the mean firing rate of each neuron and S, is an N, x N,
s diagonal matrix with the standard deviation of each “neural unit”, measured from the simulated activity
s during the calibration task. Readouts, y, were obtained by decoding from the N,-dimensional vectors
a2 of z-scored mixed firing rates. It is the 2 x N, effective decoding matrix, Dy, that is perturbed by the
s3 WMP and OMP decoder perturbations (see below). Note that the full 2 x N decoding matrix, D, is such
s that only its first IV,. columns are non-zero, reflecting the fact that only a subset of the full population
a5 of motor cortical neurons is recorded by the BCI.
836 For the baseline decoder, the effective decoding matrix D¢ was constructed following the methods of
ssr  Sadtler et al., with the exception that we used Principal Components Analysis instead of Factor Analysis
s to estimate the intrinsic manifold. This choice was made purely for the sake of numerical convenience, as
g0 Principal Components Analysis has a closed-form solution that can be computed more efficiently. The
a0 full procedure for estimating the intrinsic manifold and constructing the baseline decoder is outlined in
san  detail in Supplementary Materials Section S.3. In short, the baseline decoder effective decoding matrix
a2 can be expressed as a product of a 2 X £ matrix K and an ¢ x N, matrix L, where £ is the dimensionality
a3 Of the intrinsic manifold,

Dy = KL. (22)
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sa  The matrix L projects INV,.-dimensional activity patterns down to the /-dimensional intrinsic manifold;
ws its rows span the subspace defined by the intrinsic manifold (Supplementary Materials Section S.3.2,
ws equation 71). In our simulations we used ¢ = 8, as we found that the top 8 principal components contained
sz 95% of the variance in the simulated calibration task responses. The matrix K then translates the
ws  resulting ¢-dimensional dimensionality-reduced activity patterns into 2-dimensional BCI readouts. This
a9 Mmatrix is fit to the calibration task data, by fitting a Kalman filter that accurately decodes the calibration
so task stimuli from the dimensionality-reduced calibration task neural responses at each timestep and trial
s (Supplementary Materials Section S.3.2, equation 72).

852 Within-manifold perturbations (WMPs) perturb the baseline decoder in such a way that the row
g3 space of L remains intact, so as to conserve the decoder’s relationship with the intrinsic manifold. This
ssa  is done by simply shuffling the rows of L without modifying them, via pre-multiplication with a random

gss £ X { permutation matrix P,

D" = KPL. (23)

ss  Outside-manifold decoders, on the other hand, directly disrupt the row space of L. This is done by
s7  randomly shuffling the components of each of its rows, via post-multiplication with a random N, x N,
gss  permutation matrix P,

DM = KLP. (24)

so It is important to keep in mind that both WMPs and OMPs can change the readouts in complex ways,
w0 beyond a simple rotation like that depicted by the cartoon in figure 2b (for examples, see fig. 4a here
s and supplementary figure 2 in??). Once the baseline decoder was constructed, we randomly sampled 100
g2 within-manifold and 100 outside-manifold perturbations by randomly selecting 100 ¢ x £ and N,. X N,
83 permutation matrices, respectively.

864 To minimize any differences between these two types of decoder perturbations that would go beyond
ss their opposing relationship to the intrinsic manifold, we imposed several restrictions on the selected
w6 permutation matrices, as was done by Sadtler et al. (see Supplementary Materials Section S.3.3 for
w7 details). First, we enforced that the mean principal angle between the row space of the baseline effective
ss  decoding matrix and the row space of each perturbed effective decoding matrix was between 60° and
w0 80°. Second, we enforced that population activity produced by the re-aiming solutions for the baseline
g0 decoder would produce readouts through each perturbed decoder that resulted in a mean squared error
sn  between 0.6 and 0.8. Finally, we fit tuning curves to the neural activity generated by the re-aiming
sz solutions for the baseline decoder, and asked how much the preferred directions would need to change
ez to produce the same readouts under the perturbed decoder, following the same procedure employed by
ara Sadtler et al. We enforced that this change be between 30° and 45°. We typically found that about

a5 100-200 permutations out of all possible permutation matrices satisfied these criteria. We then randomly
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ers  sampled 100 of them.

877 Following the procedure used by Sadtler et al. with monkey L, we did not consider all possible
s N, X N, permutation matrices for OMPs (as there are 99! of them). Rather, we grouped all N, neural
so  units into ¢ groups, and then considered all ¢-dimensional permutations of these groups (of which there
s0  are 8!). In other words, rather than permuting all N, columns of L, ¢ groups of columns were permuted.
sr  This ensured that the total number of possible decoder perturbations was the same for WMPs and
2 OMPs. The ¢ groups were assigned as follows: for each neural unit in Hr, we fit a cosine tuning curve
83 to its calibration task responses to obtain its modulation depth (equation 26), assigned the N, /(¢ + 1)
s« neurons with smallest modulation depths to a small-modulation group not to be permuted, and randomly
sss  assigned the remaining neurons to ¢ high-modulation groups to be permuted; following Sadtler et al., the
sss  small-modulation group was never permuted to avoid cases in which an inactive or noisy neuron could
a7 get assigned a large decoding weight.

888 In figure 3g, we define the “dimensions” of the intrinsic manifold as a set of orthonormal basis vectors
w0 f1,f5, ..., fy spanning the intrinsic manifold (Supplementary Materials Section S.3.1). We then calculated
so the variance explained by each dimension by

758,
Tr[X]

. (25)

variance explained by dimension i =

sn  For the gray curve, 3 was set to the sample covariance of the simulated calibration task responses. For
92 the purple curve, ¥ was set to the reachable manifold covariance 3, (defined in equation 15). In each
83 case, the cumulative variance explained was calculated by ordering the dimensions by variance explained

s« and then summing them in that order.

s 4.9 Credit assignment rotation perturbations

ws  In the BCI system used by Zhou et al. (2019), recorded activity was sorted by matching spike waveforms
sor  to identify spikes from single neurons, resulting in the identification of 10-12 individual neurons. Impor-
a8 tantly, each neuron had reliable tuning to reach direction during the calibration task. In our simulation,
s0  we modelled this by randomly choosing 80 neurons, fitting tuning curves to their activity during the
wo calibration task, and selecting only those with modulation depth greater than 0.5 (see below for how
s modulation depth is measured). This typically resulted in 10-15 neurons being included in the BCI
w2 decoder (i.e. being assigned non-zero weights in the decoding matrix D); no “recording matrix” H was
o3 used in these simulations. For the particular network model used in the simulations reported in the main
os  text, this selection procedure resulted in N, = 11 neurons being included.

905 Tuning curves were fit to time-averaged simulated firing rates in the calibration task, rq,...,¥s, in

ws response to presentation of each of the eight radial reach targets, y3,...,y5 (cf. section “Simulation of
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wr the calibration task”). An N x 3 matrix of tuning weights, T, was fit to predict these average responses

ws from the respective reach target coordinates,

-1
8 8 8
T =argmin ) _|[t; - Ty, = | Y 5,57 | | D959 | (26)
T 5= j=1 j=1

w9 where y; is a 3D vector with the coordinates of the direction of the jth reach target, y7, as its first two
oo components and a constant 1 in its third component, included to model baseline tonic firing rates of each
o mneuron. Thus, only the first two columns of the tuning weight matrix T model how the ith neuron’s
o2 firing rate depends on the reach target’s direction, whereas its third column models activity independent
oz of the reach target. To extract from these weights the directional tuning of neuron i, we take the 2D
oua  vector comprising the first two components of the ith row of T. We notate this 2D vector by m;p;, where
o5 P; IS a unit vector pointing in its direction and m; is its norm. The angle of p; is neuron i’s preferred
ais  direction, and m; is its modulation depth.
017 Following the methods of Zhou et al. (2019), the baseline decoder was constructed as follows. First,

ais  raw firing rates were baseline-subtracted and normalized by their modulation depths,
rnorm — M (r _ C) , (27)

o0 where c is given by the third column of T, containing the baseline firing rates estimated from the linear
a0 regression fit (equation 26), and M is an N, x N diagonal rectangular matrix containing the inverse
s modulation depths m, ! for each of the N, neurons recorded by the BCI on the diagonal across the first
o2 N, columns 0 everywhere else. These normalized firing rates were then transformed into 2D readouts by
a2 a2 x N, effective decoding matrix D§*** containing the preferred direction vectors p; of each of the N,
s24 recorded neurons in their corresponding columns. More precisely, the ith column of Dg**, d;, is given
os by

& p; if neuron i is recorded by BCI
d;j=< " (28)

0 else,

o where the scaling constant k£ is chosen to minimize the mean squared error between the readouts from
o7 the calibration task activity and the target readouts. This is the classic population vector algorithm
ws  (PVA).®" The full 2 x N decoding matrix of the baseline decoder was thus D = Dy§***M, which has
o9 non-zero weights only in the N, columns corresponding to the IV, recorded neurons.

030 Credit assignment rotation perturbations were constructed by simply picking a random subset of the
an  columns of D§* and rotating them. In our simulations, we picked a random 50% of these columns
o2 and rotated them 75° counter-clockwise, as was done in the decoder perturbations used by Zhou et al.

a3 (2019). We sampled 100 random perturbations in this way, in each case rotating a different subset of
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oz columns. The normalization matrix M and baseline subtraction parameters c are kept the same for all
o5 decoders.

036 To measure the tuning changes predicted by re-aiming, we simulated cursor reaches with each decoder
037 by driving the motor cortical network with the re-aiming solutions for that decoder. In each case, noise
0s  was applied to the dynamics, exactly as in the calibration task. We then fit tuning curves to each neuron’s
o3 time-averaged activity, using linear regression exactly as described in equation 26, and extracted the
ao preferred direction of each rotated, non-rotated, and indirect neuron. For each perturbed decoder, we
or  then determined each neuron’s change in preferred direction by calculating the difference between its
a2 preferred direction under the re-aiming solutions for the perturbed decoder and its preferred direction
w3 under the re-aiming solutions for the baseline decoder (cf. figures 6b, 6¢). These changes were then
ws averaged over all neurons in each sub-population (rotated, non-rotated, or indirect). Figure 6e shows the
ws percentiles (median and quartiles), over all 100 sampled decoder perturbations, of this average tuning
aws change. An analagous analysis of the changes in modulation depth is shown in Supplementary Figure

w7 Sha.

ws 4.10 Simulation of operant conditioning

awo In an operant conditioning task, there is no “target readout” per se. The objective is to simply increase
oo the activity of one neuron over another, as much as possible. We can thus express the objective as
os1  maximizing the difference in firing rate between the two neurons, which can be thought of as a one-
o2 dimensional linear readout from the population. Formally, we calculate readouts in this task by a dot
o3 product between the firing rate vector r and a decoding vector d which has a +1 for the target neuron,
osa  a —1 for the distractor neuron, and 0’s everywhere else. This one-dimensional readout indicates how
ss much more active the target neuron is than the distractor neuron. The goal in an operant conditioning
o6 task is to maximize this readout.

057 Adding in a metabolic cost, the objective function we use for re-aiming is

M
0= arg max {d . r(te,,d;O) — % Zuz(e)Q} (29)
i=1

01,02,...,0%

Letting 0 = {91 0y ... 9;(] denote the non-zero command variables, we again re-parameterize this

optimization problem into an optimization over the magnitude, s, and direction, 50, of 0~,

. M
§7§0 = arg max {d . r(tend; 300) — % Zui(s%)g} subject to s > 0, 6] =1 (30)
5,60 i=1
A arg max {sd T (tenas 50) - ;32} subject to s > 0, |6 =1,  (31)
S,g()
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where the approximation follows from the application of the scale invariance of the network dynamics
(equation 8) and the mean-field approximation of the metabolic cost (equation 9). This approximation

allows us to analytically solve for the optimal magnitude §,

S

§(0~0) = arg max {Sd . r(tcnd;go) — ;.92} = %gﬁ (d . r(tcnd;§0)> , (32)

subject to s > 0

which in turn allows us to solve for the optimal direction, 50, via optimization over the K-dimensional

unit hypersphere,

6 = arg max {g(éo)d 1 (tna; 00) — ’;5(50)2} subject to |6 = 1 (33)
%

= arg max {qb (d T (tonas 50)) } subject to H§0|| =1, (34)
%

where the second equality follows from plugging in equation 32 and simplifying. In all our operant
conditioning simulations, we used K= 2, which enabled us to easily solve this optimization problem via
brute force search over the unit circle. As in other simulations, we used t.,, = 1000ms.

Note that the optimal readout achieved by the re-aiming solution is

R . R “ R 2
d -1 (tena;0) = d - r(tens; 5(80)80) = 5(60) <d : r(tcnd;go)) = %qﬁ (d : r(tcnd;50)> : (35)

Thus, changing the exact value of v only re-scales the re-aiming solutions and the readouts they produce.
We thus simply set it to v = 1 in all our simulations of this task.

In classic operant conditioning experiments,?® neurons selected for operant conditioning had to be
active prior to the conditioning task to be identified by the recording electrode. We imposed a similar
constraint in our simulation by first driving the network with 50 random K = 100-dimensional motor
commands for t..,, = 1000ms, and identifying the 50% of neurons with highest average firing rate over
motor commands and time. The neuron pairs used for operant conditioning were sampled from this
sub-population.

To simulate neural activity during a baseline period of spontaneous behavior prior to operant con-
ditioning, we used a similar procedure but now driving the network with 50 random K-dimensional
motor commands, with K = 2. This allowed us to ask whether operant conditioning performance under
re-aiming could be predicted from correlations arising during spontaneous behavior driven by the same
command variables used subsequently for re-aiming. In figure 7c, correlations were measured by cor-
relation coefficient between the two conditioned neurons. In figure 7d, correlation coeflicients between

each indirect neuron and the target neuron are plotted against the firing rate of the indirect neuron at
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977

978

979

t.na = 1000ms when driving the network with the re-aiming solution.

4.11 Table of simulation parameters

Parameter name/description Notation Value
Recurrent neural network dynamics

number of neurons in motor cortical network N 256
number of neurons in upstream population M 256
recurrent weights Wise K N(0,1/N)
input weights Wiz Ny N(0,1/M)
encoding weights Uij Lhg N(0,1)
network dynamics time constant T 200ms
WMP and OMP decoders

calibration task network dynamics noise - Y (0,0.05%)
calibration task command variable noise - SN (0,0.052)
calibration task initial condition noise - N (0,0.12)
calibration task trial duration - 1000ms
number of recorded neurons used to fit the decoders N, 99
dimensionality of intrinsic manifold 14 8
bounds on principal angle between perturbed decoders and baseline decoder - [60°, 807]
bounds on mean squared error of perturbed decoder readouts - [0.6,0.8]
bounds on preferred direction change imposed by perturbed decoders - [30°,45°]
Re-aiming optimization

endpoint time [ 1000ms
maximum baseline decoder squared error, which sets v (Methods Section 4.3) - .05
Credit assignment rotation perturbations

minimum modulation depth for neuron to be recorded - 0.5
number of recorded neurons N, 11
fraction of decoding vectors rotated - 50%
decoding vector rotation angle - 75° CCW
Operant conditioning

command variables driving bouts spontaneous activity 01,6, N (0,1/2)
duration of bouts of spontaneous activity - 1000ms
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s 5.1 Extended modeling results

s S.1.1 Structured motor cortical connectivity

ez In addition to the randomly connected network architecture used in the results presented in the main text,
s we simulated re-aiming in the task of Sadtler et al. (2014) with alternative motor cortical connectivity
1269 profiles, described below. In each case, we simulated the calibration task, sampled decoder perturbations,
1o and computed re-aiming solutions as described in the main text, except for a few minor modifications

1wn noted below. Results of these simulations are shown in figure S1.

vz Random excitatory/inhibitory (E/I) connectivity: a random sparse and balanced E/I recurrent
s connectivity matrix was constructed following the sampling procedure described in.' In short, all ex-
v citatory weights had the same strength, all inhibitory had the same strength (re-scaled relative to the
s excitatory weights to account for the different number of excitatory and inhibitory neurons), and each
s row of the weight matrix was enforced to be 0 mean to enforce so-called E/I balance. We used a spar-

w7 sity of 10% (i.e. only 10% of weights were non-zero), with 80% of the neurons in the population being
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Figure S1: Each column shows simulation results for a different network: (1) the randomly connected network used in
the main text; (2) another randomly connected network, with weights sampled in exactly the same way; (3) a network
with random E/I connectivity; (4) a network with inhibition-optimized E/I connectivity; (5) network with connectivity
optimized for delayed center-out reaching.

a. Eigenspectra of recurrent weight matrices of each network, plotted on the complex plane. Note that the optimized
network has low-rank connectivity: almost all eigenvalues are clustered at 0. Dashed vertical line marks the linear stability
boundary of a real value of 1.0.

b. Mean squared error achieved by re-aiming solutions for different endpoint times, tena, for each decoder. Lighter markers
correspond to individual decoders, darker open markers (connected by lines) show medians over all decoders. Note that the
metabolic cost weight, -y, is fixed to the same value, which was picked to guarantee low error under the baseline decoder for
tena = 1000ms only (see Methods Section 4.3). Thus, the error rises as the endpoint time decreases below this, as higher
magnitude motor commands are necessary to achieve low error faster. However, note that the difference between baseline
decoder, WMPs, and OMPs remains the same even at these lower values of tenq.

c. Calibration task response and reachable manifold variance cumulatively accounted for by each dimension of the intrinsic
manifold, as in fig. 3g. Intrinsic manifold was found to be about 12-dimensional with inhibition-optimized connectivity and
about 6-dimensional with connectivity optimized for delayed center-out reaching.

d. Maximal cursor progress for each target and WMP as a function of target direction angle with DF, as in fig. 4c.

e. Mean squared error achieved for each OMP by re-aiming with different numbers of command variables, K, as in fig. 5a.

excitatory. Input and encoding weights were sampled randomly as for the randomly connected network

in the main text.
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e Inhibition-optimized excitatory/inhibitory connectivity: a sparse and balanced E/I recurrent
e connectivity matrix was constructed following the optimization procedure described in.? In short, the
1 excitatory weights were initialized to be very strong, and then inhibitory weights were optimized to
wes  ensure the dynamics were stable (by minimizing the spectral abscissa of the full connectivity matrix).
12ss  Half of the neurons were assigned to be excitatory, and the inhibitory weights were enforced to be on
s average three times stronger than the excitatory weights. The only difference with? was that the weight
185 matrices were initialized with a spectral radius of 5, rather than 10. This was necessary as we found
ez that an initial spectral radius of 10 lead to chaotic dynamics under constant input. Input and encoding
188 weights were sampled randomly as for the randomly connected network in the main text.

1289 Because of their highly non-normal dynamics, these networks were highly sensitive to changes in
190 initial conditions, even with the reduced initial spectral radius. We therefore reduced the standard
vor  deviation of the initial conditions by half when simulating the calibration task (see Methods Section
e 4.7). These networks produced much higher-dimensional calibration task responses than the randomly
1203 connected network, so a 12-dimensional intrinsic manifold was used for constructing WMP’s and OMP’s

1294 (1e ! = 12)

1es  Connectivity optimized for delayed center-out reaching: network weights were optimized to
1206 produce joint torques for performing delayed center-out reaches with a biomechanical arm model. The
rer  architecture and optimization scheme followed that used by,? in which the recurrent network is driven by
1208 two distinct inputs. The first input is a one-dimensional signal reflecting a go cue that indicates when the
oo reach should be performed (go time). This was built into our model by setting 8k to 1 at the start of the
1o trial and then setting it to 0 at go time, 1000ms after trial start. The other input is a two-dimensional
1o signal reflecting the visual presentation of the target to reach towards, presented prior to go time to
e prepare the subject (or network) to perform the delayed center-out reach. This was built into our model
13 by setting 61,60 to the coordinates of the reach target at a randomly sampled target presentation time
1 before the go cue, and then setting it back to 0 at the same time the go cue input is shut off. All other
s command variables are set to 0 (03 = 64 = ... = Ox_1 = 0). We chose to encode the go cude with
1306 the very last command variable, Ok, to reflect the hypothesis that subjects would not re-aim with this
1oz non-directional command variable, neither in K = 2-dimensional re-aiming nor in generalized re-aiming
s with up to K = 20 command variables.

1300 Two joint torques were read out from the network through a set of readout weights, which were
1o optimized along with the input, recurrent, and encoding weights. The weights were optimized to produce
u the joint torques required to move the endpoint of a planar two-link arm model* to the cued reach target,
2 in 500ms with a bell-shaped speed profile. Following the methods of,® these target joint torques were

1z computed by backpropagating through the arm model dynamics to minimize mean squared error between
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14 the arm endpoint velocity and the desired velocity profile for each reach target. We then trained the
s network weights so that in each trial it would produce 0 torque until go time, followed by the optimal
16 reaching torque corresponding to the reach target on that trial.

1317 The loss function used to optimize the network weights was a combination of the mean squared error
s plus L2 regularization on all weights and on network firing rates, to encourage naturalistic solutions to
1o this task.? This was minimized via stochastic gradient descent using the Adam optimization algorithm
10 with learning rate set to .001.% Since only three command variables were non-zero during this task, only
121 the three corresponding columns of the encoding weights U;; were optimized by this procedure. The
1322 remaining columns were thus fixed to their random initialization, as for the randomly connected network
1223 in the main text.

1304 As is often observed in networks trained to perform a single task,” the resulting optimized recurrent
s connectivity matrix had low rank (Supplementary Figure Sla). Its activity was consequently constrained
1 to a much lower-dimensional subspace than that of the other networks.® This network thus produced
13z much lower-dimensional calibration task responses than the randomly connected networks did. We
128 therefore used a 6-dimensional intrinsic manifold for constructing WMP’s and OMP’s in simulations
w9 with this network (i.e. ¢ = 6). This meant that only 6! — 1 = 719 possible decoder perturbations
30 existed (as opposed to 40,319), so far fewer decoder perturbations satisfied the stringent criteria outlined
sn in Methods Section 4.8 for sampling WMP’s and OMP’s. We thus loosened these criteria to include
12 WMP’s and OMP’s with mean squared error going up to 1.2. These networks were also found to be
1333 highly sensitive to noise, so we reduced the standard deviation of the noise in the dynamics and in the
1334 initial conditions during simulation of the calibration task to 0.02 and 0.005, respectively.

1335 Because of the low-rank recurrent connectivity, we found that re-aiming with even K = 20 command
s variables could not yield good solutions for OMP control with this network (Supplementary Figure Sle).
1337 In other words, the low-rank connectivity did not permit the generation of activity patterns outside of
1333 the intrinsic manifold, even when re-aiming with a large nubmer of command variables. It is important
1339 to keep in mind, however, that in reality motor cortical connectivity is likely optimized to perform
130 a wide variety of motor behaviors, rather than a single center-out reaching task. This assumption is
1a  implicit in our choice of high-rank connectivity structure, as in several other recent models of motor
12 cortical function.?° Note also that such high-rank connectivity was necessary for our model to produce
1343 calibration task responses with dimensionality near the dimensionality of 10 observed by Sadtler et al.

wu (2014) (Supplementary Figure Slc).

s S.1.2  Analysis of WMP bias

146 This section provides a more detailed analysis of why WMP reachable readouts are biased in the direction

e of Dr (fig. 4¢). Specifically, we show that the reachabout readouts are centered away from the origin,
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148 and the direction of this displacement is dictated by the relationship between the reachable manifold
1349 and the calibration task activity that the decoders are fit to, leading to the observed bias.

1350 We begin by calculating the centroid of the reachable readouts, ¥, which is given by the readout of
11 the reachable manifold centroid, T,

y=D({—c), (36)

w2 where c is the decoder centering vector (equation 3), set to the mean population response during the
w3 calibration task (Methods Section 4.8). As long as the reachable readouts are somewhat symmetrically
1354 distributed around their centroid, then they will be biased in the direction of their centroid. This equation
135 shows that the direction and magnitude of this bias thus depends on the difference between between the
156 mean calibration task response, ¢, and the reachable manifold centroid, r.

1357 Because the calibration task responses are driven by a subset of the motor commands used to define
s the reachable manifold (fig. 3e), these two directions are highly aligned. This is shown empirically for our
13so  simulations in Supplementary Figure S2a, where we overlay the network’s firing rates during individual
1eo  trials of the calibration task on top of the reachable manifold, along with the mean population response
e and the reachable manifold centroid. Population activity during the calibration task evidently evolves
132 along the same directions in state space occupied by the reachable manifold, and thus its mean, c, is
1363 highly aligned with the manifold’s centroid, r.

1364 Next, note that the reachable manifold centroid has a larger norm than the calibration task mean.
s That is because the reachable manifold contains activity patterns generated by motor commands with
s larger norms than those driving the calibration task responses (fig. 3e), so its centroid comprises higher
ez firing rates. The underlying reason for this is that, in our simulations, we selected the metabolic cost
e weight, v, such that it guaranteed high re-aiming performance with the baseline decoder (see Methods
ue  Section 4.3). Because the baseline decoder fit is not perfect (due both to the noise and to the non-linear
1o mapping from calibration task stimuli to neural activity), stronger firing rates than those evoked by the
un calibration task are required to achieve such high performance, so the resulting metabolic cost weight
172 permits stronger motor commands than the ones driving the calibration task.

1373 Putting these two observations together, we have that

craf = y~(1l—a)Dr, 0<a<1. (37)

s In other words, the reachable readout centroid points in the direction of Dr. This explains why WMP
s readouts are biased in that direction.

1376 An important remaining question, however, is why baseline decoder readouts are not biased in that
137 direction. The baseline decoder shares the same centering vector, c, so, by the above logic, should inherit

13 the same bias. The reason it does not is that the reachable manifold centroid is orthogonal to the baseline
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Figure S2: Analysis of WMP readout bias in the direction of Dr.

a. Simulated motor cortical responses in the calibration task, color-matched to the motor commands in fig. 3e driving
these responses. These are plotted together with the same reachable manifold activity patterns from fig. 3f, projected onto
the same three principal components. The open circles in the interior of this conical structure show the calibration task
mean, c, in light purple and the reachable manifold centroid, ¥, in dark purple, each connected to the origin by a line
for visualization purposes. Note that, by definition, the calibration task neural responses at time tena = 1000ms (the last
point in each trajectory) lie almost exactly on the reachable manifold, slightly offset only because of noise in the response
dynamics (see Methods Section 4.7).

b. Norm of DF for each sampled WMP decoder, D, for each simulated model motor cortical network (see Supplementary
Materials Section S.1.1). Overlaid with an open black square is the norm of DT for the baseline decoder of each corresponding
simulation.

19 decoder, Dr = 0, so the reachable readouts are centered at the origin despite equation 37 holding true.
10 Because the baseline decoder is fit to predict the calibration task stimuli from the neural responses they
s elicit (Methods Section 4.8), by construction it ignores any directions of calibration task activity that
12 do not provide information about the stimulus. One such direction is their mean, ¢ = ar. This can be
13 appreciated from Supplementary Figure S2a, where it is evident that the trajectories of activity during
1ss  different trials of the calibration task all evolve identically along this direction, despite being evoked
1ss by different stimuli. Thus, decoding from this direction is useless for decoding the stimulus identity,
1ss SO the baseline decoder ignores it by spanning an orthogonal subspace. However, while this direction
137 may not contain information about the calibration task stimuli, it does contain a lot of the variance of
sz the calibration task neural responses. Consequently, it resides within the intrinsic manifold, and thus
1330 WMP’s — which are essentially randomly oriented within the intrinsic manifold — are likely to be aligned
1o with it by chance.

1301 This is confirmed empirically in fig. S2b, where we plot the norm of Dr for the baseline decoder
12 and each of the sampled WMPs for each simulation we studied. The norm is evidently much higher for
133 WMP decoders than for the baseline decoder in each simulation, explaining why the reachable readout

1304 bias manifests itself in WMP decoders but not in the baseline decoder.

s S.1.3 Non-negative firing rates are necessary to replicate biases in WMP learning

136  Here we demonstrate that removing the non-negativity constraint on firing rates precludes our model
o7 from reproducing the behavioral biases in WMP reachable readouts. We test this by replacing the

s activation function with the identity function, ¢(x) = x, and repeating the analysis of fig. 4c to check if
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Figure S3: Removing the non-negativity constraint fails to reproduce experimentally observed biases in WMP learning.
a. Maximal cursor progress in each target direction as a function of angle with Dr, for 20 sampled WMPs. Only 20 WMP’s
were used as we found that the intrinsic manifold of the linear network was only ¢ = 5-dimensional, so we correspondingly
adjusted the criteria for subsampling WMP’s and OMP’s (cf. Supplementary Materials Section S.3.3) and found that
only 20 WMP’s and 60 OMP’s satisfied them. As was done in fig. 4c, the reachable manifold centroid, T, is estimated
using simulated mean firing rates during baseline decoder control (see Methods Section 4.6). Maximal cursor progress
was calculated exactly as in equation 6, following the same procedure as in the main text for selecting smax (cf. Methods
Section 4.4). A total of 8 target directions x 20 sampled WMPs = 160 points are plotted.

b. Activity patterns in the reachable manifold at endpoint time t¢nqa = 1000ms, with K = 2 non-zero command variables.
Calibration task responses to each of the eight radial reach stimuli are overlaid in shades of pink, following exactly the
same conventions as in Supplementary Figure S2a. These N-dimensional activity patterns are projected onto the top
two principal components of the reachable manifold (PC1 and PC2) and the orthogonal dimension capturing the most
calibration task response variance (PC3). Because the network dynamics are linear, the reachable manifold is exactly

K = 2-dimensional, so PC1 and PC2 capture 100% of the variance in activity patterns within it. The small open black
circle at the center marks the origin of the state space. The light and dark purple open circles at the origin mark the
calibration task mean c the reachable manifold centroid r in purple, respectively. The latter is barely visible because they
overlap almost completely.

c. Readouts reachable through an example WMP, following the same color conventions as in fig. 3c. The green diamonds
show the eight target readouts from the radial cursor reaching task.

1390 the maximal cursor progress under each WMP is highest in the direction of Dr. We find that they in
o  fact are not (Supplementary Figure S3a)

1401 The reason why can again be gleaned from looking at the relationship between the reachable repertoire
ue centroid, T, the mean calibration task response, c. In this case, because firing rates are allowed to be
s negative, both the reachable manifold and the calibration task neural responses are centered near the

1o origin, and thus the reachable readouts are as well (equation 36),

r~0,c0=y=D(r—c)=0. (38)

us  We can see this empirically in Supplementary Figure S3b, where we plot a projection of the reachable
s manifold with the calibration task neural responses overlaid (analogous to Supplementary Figure S2a).
s We see that both are centered around the origin, with their means exactly on top of each other. The
s reachable readouts through a representative WMP are shown in Supplementary Figure S3c, illustrating
o the fact that they are consequently also centered at the origin. The maximal cursor progress is higher
o in some directions than in others (in this case in the NW and SE directions), but the bias is not
1w unidirectional as it is in the model with non-negative firing rates (fig. 4a, fig. 4¢) or in the experimental

w2  data (ﬁg 4d)
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Figure S4: Operant conditioning of ensembles of 10 neurons by re-aiming.

a. Difference in ensembles’ summed firing rates (at tena = 1000 ms) produced by the re-aiming solutions optimized for
ensemble a being the target, for 500 randomly sampled ensembles of 10 neurons, plotted as a function of the correlation
between the two ensembles’ summed firing rates during simulated spontaneous behavior. Here, 7, and 7, denote the
summed firing rates of neurons in ensemble a and b, respectively.

b. Activity of indirect neurons (at tena = 1000 ms) for the same ensembles and re-aiming solutions in previous panel,
plotted as a function of mean correlation coefficeint with neurons in ensemble a during simulated spontaneous behavior.

w3 S.1.4 Operant conditioning of ensembles of neurons

s Clancy et al. (2014) conditioned ensembles of up to 10 neurons, rather than only pairs of neurons.
s Here we repeat our simulations of operant conditioning but with a pair of target/distractor ensembles
e of 10 neurons, rather than a pair of single neurons. We simulate re-aiming in exactly the same way via
w7 equation 29, but where now the decoding vector d is a vector with a +1 for each target ensemble neuron
wms and a -1 for each distractor ensemble neuron, and 0’s everywhere else. Selection of neurons used for
19 operant conditioning and simulation of spontaneous behavior was done exactly as described in Methods
120 Section 4.10.

1421 We find that the main results from the main text are replicated in this setting as well: (1) the
2 correlation coefficient of ensembles’ mean firing rates during simulated spontaneous behavior is corre-
123 lated with the difference in mean firing rates achieved by the optimal re-aiming solutions (Supplementary
1 Figure S4a); and (2) indirect neuron firing rates produced by these optimal re-aiming solutions are corre-
w2 lated with their mean correlation coefficient with target ensemble neurons during simulated spontaneous

s behavior (Supplementary Figure S4b).

ur S.1.5 Changes in modulation depth of motor cortical tuning curves

s In a study employing credit assignment rotation perturbations in a 3D cursor reaching task, it was ob-
0 served that both non-rotated and rotated neurons reduced their modulation depth after learning the
un perturbed decoder, and that rotated neurons reduced their modulation depth more!? (see text surround-
s ing Methods Section 4.9, equation 26 for how modulation depth is defined and measured). Figure Sha
w2 reveals that our model of generalized re-aiming does not reproduce this result, at least for the values of
wn K we tested. Generalized re-aiming with up to 6 command variables seems to lead to slight increases
w34 in the modulation depths of both rotated and non-rotated neurons, with marginal differences between

uss  rotated and non-rotated neurons.

1436 While we did not simulate re-aiming with K > 6 command variables in the context of credit as-
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Figure S5: Changes in modulation depth under generalized re-aiming.

a. Average change in modulation depth of rotated, non-rotated, and indirect neurons between simulated reaches with the
baseline decoder and each perturbed decoder, plotted as a function of the number of command variables used for re-aiming
(K). As in fig. 6e, the changes in modulation depth are averaged over all neurons in each sub-population, and the median
over all 100 sampled credit assignment rotation perturbations is plotted. Error bars mark the upper and lower quartiles.
b. Average modulation depth of direct neurons (neurons recorded by the BCI, with non-zero decoding weights in D) and
indirect neurons (neurons not recorded by the BCI) under generalized re-aiming solutions for OMP’s. Modulation depths
are averaged over all neurons in each sub-population, and the median over all 100 sampled OMPs is plotted. Error bars
marks the upper and lower quartiles.

1wy signment rotation perturbations, we did simulate this in the context of OMP learning, where we found
s  that modulation depths of indirect neurons decreased as K increased (figure S5b). The fact that only
w0 generalized re-aiming with a large number of command variables — but not regular re-aiming with only
wo K = 2 variables — can reproduce selective changes in modulation depth is consistent with the separate
wa  observation that indirect neurons show selective decreases in modulation depth only after days of practice

ue  with a given BCI decoder, but not within a single session.!!

uz  S.1.6 Closed-loop feedback control

s All of the models we have considered so far are models of open-loop control: once the optimal motor
s command is specified, it is used to drive the motor cortical population for the duration of the movement,
s unchanged until the pre-specified endpoint time t.,,. Any errors encountered along the way — either
17 due to noise or suboptimal motor commands — are thus ignored. A better strategy would be closed-loop
s control, wherein errors observed via sensory feedback are used to adaptively modify the motor command
a9 online. Under this strategy, errors that are encountered along the way can be corrected, thus improving
uso  the accuracy of the desired BCI output. Such closed-loop feedback control strategies are well known to

wst  be optimal in the presence of noise,'?13

and substantial evidence exists that non-human primates utilize
us2 them during BCI control.!4 16

1453 In this section, we consider a re-aiming-based model of closed-loop feedback control in which the
1uss  motor command is continuously updated in response to sensory feedback. We evaluate this model on
uss  the Sadtler et al. (2014) BCI learning task, and confirm that closed-loop re-aiming suffers from the same

wse limitations as open-loop re-aiming: the set of reachable activity patterns is limited by the number of

w7 command variables used for control, such that OMP’s cannot be learned with a small number of them.
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1458 We assume an error feedback controller architecture of the following form,
0(t;y") = G(y" —y(t)) +b, (39)
uso  where the command variables, 8(t) = |6, 6, ... 0| vary continuously in time according to an

ueo  affine transformation of the instantaneous error, y* — y(¢). As in the open-loop control simulations,
ws  all additioanl command variables beyond the first K are fixed to 0. For simplicity, we assume a linear

w2 encoding of the motor command in the upstream inputs,
u(9) = Ue, (40)

ues  For a given decoder, D, we postulate that the subject learns a feedback controller, (G e RK 2, b e RK ),

wes  that minimizes the following loss function:

11 (T 5
G, b= in -y — t;G,b) —yi||"dt +~ (|b]|®> + |G|%) , 41
argng;T/o Iy (5:G,b) — 7| dt + (Ib]12 + |GI%) (41)

uss  where y(t;G,b) denotes the readout produced at time t under the closed-loop dynamics, ||GH§- =
1466 21[11 Z?Zl G?j is the squared Frobenius norm, and y7,...,ys are the eight radial reach targets in the
uer  BCI cursor control task. The time window of control was set to 7' = 1000ms.

1468 To compute G and E), we used gradient descent on the above loss function, using the Adam optimiza-
uss  tion algorithm® with a initial learning rate of .01. To facilitate numerical optimization, deterministic
uno  dynamics were used (no noise in the dynamics or in the initial conditions, which were fixed to 0). To
un  avoid poor local optima (which was often a problem with WMPs in particular), we ran gradient descent
w2 from five different random initializations and used the best solution from these five runs.

1473 We computed (G,f)) for the randomly connected non-linear network analyzed in the main text
unn  (equation 1), for each of the sampled baseline/ WMP/OMP decoders used in the simulations presented
wrs  in the main text. For the baseline decoder we performed this optimization over multiple values of the
e metabolic cost weight v so as to identify the largest value of v that permitted a time-averaged squared
wrr - error of less than .05 for all eight target readouts under this decoder (analogous to how + was set in the
s open-loop simulations in the main text, Methods Section 4.3). We then fixed ~ to this value for all the
ure  decoder perturbations.

1480 Simulations of cursor control with K = 2 command variables are shown in Supplementary Figure S6a,
w1 where we plot the mean squared error over target readouts as a function of time. Each trace corresponds
1w to the mean squared error achieved by the optimal feedback controller for a given decoder, with one
uss  trace for the baseline decoder and one for each of the 100 sampled WMPs and OMPs. We find that for

uss  almost all decoders, the mean squared error decreases to a certain level and remains low for the rest of
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Figure S6: Closed-loop re-aiming reproduces the differences in WMP and OMP learning.

a. Mean squared error (mean over target readouts) achieved by closed loop control with K = 2 command variables, as a
function of time. Each line corresponds to performance on a different decoder, with a correspondingly optimized feedback
controller, (G, b) (equation 41).

b. Mean squared error (mean over target readouts and over time) achieved by error feedback controllers with K =2
command variables. Each point corresponds to a different decoder, with medians over all decoders in each class marked by
the height of the bars.

c. Mean squared error (mean over target readouts and over time) achieved by error feedback controllers optimized for
each OMP, with K= 2,4,6,8, and 10 command variables. Light blue points denote this quantity for individual OMP’s,
larger open circles on top show the median. For reference, dotted horizontal lines show the mean squared error achieved
by optimized error feedback with K = 2 command variables for the baseline decoder (black) and WMP’s (red); the red
dotted line shows the median over all sampled WMP’s with shading marking the upper and lower quartiles.

uss  this time window of 1000ms. However, this asymptotic error value is typically higher for OMP’s than for
uss  WMP’s (Supplementary Figure S6b), replicating the analogous result observed for the open-loop control
uer  model presented in the main text (fig. 3d).

1488 This again reflects the limitations of re-aiming with only K = 2 command variables. In this case, this
1ss  manifests itself in restricting how the error can be fed back into the network: the error gets mapped to
wso  a K-dimensional vector through equation 39 before being fed back into the network. As we saw occurs
uo  for the open-loop controller, this results in a restriction of how population activity can be modulated,
1ue making it difficult to generate the patterns of activity required to produce the target readouts under
us  OMP’s. Supplementary Figure S6¢ shows that these restrictions can be relaxed by increasing the number
s of command variables used for re-aiming, K. In this case, re-aiming with only K = 6 command variables
s suffices to obtain a mean squared error less than 0.1 with OMP’s. Interestingly, this is substantially less
ws  than the K > 10 command variables that are necessary to achieve the same level of performance with

uer  open-loop re-aiming (fig. 5a).

ws S.2 Mathematical derivations

uo S.2.1 Scale-invariance of RNN dynamics with rectified linear activation function

10 Here we prove that, whenever z;(0) = 0,

Vs >0 r(t;s0) = sr(t;0), (42)
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o where r(t; s0) = ¢(x(t; s6)) and x(t; s8) is the solution to equation 1 with inputs defined by equation 2.
sz The function ¢(-) is the rectified linear activation function defined in equation 1.

1503 We begin by demonstrating that, when z;(0) = 0,
Vs >0 x(t;s0) = sx(t;6). (43)

We prove this by showing that the dynamics of sx(¢;0) are the same as those of x(t; s0):

%[sx(t; 9)} = S%X(tQ 6)

= —sx(t;0) + sSW™¢(x(t;0)) + sW™p(U0)

= —sx(t;0) + W™¢(sx(t;0)) + W"¢p(sUB) Vs > 0, (44)

1504 where in the second line we plugged in equation 1 and equation 2 for the dynamics and upstream inputs,

1505 respectively, and in the third line we used the scale-invariance of the rectified linear activation function,
Vs 20 ¢(sz) = sp(x), (45)

10 It is easy to see that equation 44 exactly matches equation 1 but with sx substituted in for x; that is,
1oz the dynamics of these two quantities are the same. Therefore, whenever the initial conditions match,
1s0s sx(0;0) = x(0; s0), then their trajectories will too. It is easy to see that this condition holds for any s
1500 if ;(0) = 0, thus proving equation 43.

1510 Along with the scale invariance of the activation function (equation 45), equation 43 implies equation

s 42:

r(t; s0) = o(x(t; 58)) = ¢(sx(t;0)) = sp(x(t; 0)) = sr(t; 0), (46)
1512 thus completing our proof.

113 S.2.2 Large M limit of quadratic metabolic cost

1514 Here we derive the large M limit of the quadratic metabolic cost term in the reaiming objective function

1515 (equation 4),

M
. - i 2
Jim 37 2o ()
1=
1516 We first note that each term in the sum depends on a sum over the randomly sampled encoding

1517 weights (equation 2),
K 2
ui(0)* = (b(ZUijej) : (48)
j=1

s If the encoding weights, U;;, are independent and identically distributed, then each of the terms in this
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1519 sum is also independent and identically distributed. By the law of large numbers, then, as M — oo their
120 sum will approach an expectation over this distribution,

lim MZUZ = (wi(0)"),, (49)

M—o0

122 where <->Uij denotes an expectation over the probability distribution of the encoding weights, Us;.
1522 This expectation can be evaluated by first defining the random variable z = Z]K:1 Ui;0; to express the
1523 expectation as an integral over z, and then exploiting the rectified linear activation function (equation

1522 1) to simplify this integral,

(w0P)y, = 002). = [ oterptz= [ otraeiaz+ [ o= [ Apas

(50)
155 where we simply exploited the fact that ¢(z) = 0 when z < 0 and ¢(z) = z when z > 0. If the distribution

12 of the encoding weights U;; is symmetric around 0, then the distribution of z is as well and we have that

/OO 22p(z)dz = % (). (51)
0

1527 Finally, if the encoding weights are zero-mean and independent, we have that

K K
=3 (UyUin) 00 = Z(U@@?. (52)
j=1

j=1k=1

w2 If Uy; additionally have unit variance, (U7) = 1 = (2?) = [|0||>. Putting this all together, we arrive at

120 the equality in equation 9:

lim ZUZ uz(0)2>Uij = /000 22p(z)dz = % (*) = @ (53)

M—oo M

5% S.2.3 Reachable manifold moments for K = 2

131 In our analysis of the reachable manifold, we characterized its location and shape via its centroid and
152 covariance, which were evaluated as expectations over a uniform distribution on the manifold. Here we
1533 derive the probability density function of this distribution and use it to calculate these expections.

1534 We begin with the case of K = 2 non-zero command variables, which we parameterize by their polar

135 coordinates,
01 cos
=s . (54)
0y sin
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135 We then formally define the reachable manifold as follows:

R = {r(tena; $,©) : $ € [0, Spax)s @ € [0,27]}. (55)

1537 where r(t..q; 8, ) is the motor cortical activity pattern at time ¢4 produced by a pair of command
153 variables 01, 6, with angle ¢ and norm s, with all other command variables set to 0 (65 =04 = ... =
1539 O = 0). The function r(t..q;s, ) can be thought of as a function mapping 2D command variables,
500 (8,0) € [0, 8max] X [0,27], to activity patterns, r € RY, on the 2D surface constituting the reachable
152 manifold (the conical surface shown in fig. 3f).

1542 The probability density function of the uniform distribution on this 2D surface in RY is given by its

13 area element, dV (s, ), divided by its total area,

dV (s,
p((tusis ) = o), (56
The area element and total area are given by
AV (s,p) = \/det[J (s, )73 (s, 0)] (57)

Smax 27
V= / / dV (s, ) deds, (58)
0 0

s where det[-] denotes the matrix determinant and J denotes the N x 2 Jacobian of the mapping from

145 command variables to the reachable manifold,

J(57 SD) = |:86;r(tend; 87 QD) %r(tend; S’ 90) : (59)

146 10 evaluate the probability density function, we must first calculate these derivatives.
1547 To do so, we again resort to the scale invariance property of the rectified linear activation function
s (equation 45),
r(tend; S) SO) =S r(ten(l; 17 QO) = er(@)? (60)
—_————
ro(p)
19 where we have defined ro(¢) to be the activity generated by a pair of command variables with angle ¢

150 and unit norm. The Jacobian is thus given by
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where rj(p) = %ro(go). Plugging this into equation 57, we have that the area element is given by

i
Wisg)= fd | EZ;T o) wo] |
N VO O T BT S) B
o s @@ @R | o s
= sy Io(@ Pl )P - (xo(e) - x4(0))”
= sliro(@)llry (o) |V~ co?a7)
= slro(@)llrs ()l sine(e)] ©2

where w(¢p) is the angle between ro(¢) and its derivative at ¢, rj(¢). The total area of the manifold is

thus

Smax 2T
/ | sl lisge)lsinwte)] dp s

5% / () lIro (@)l sinw(e)| dep. (63)

-2’ 0

With these two expressions in hand, we can analytically express expectations over the probability

density function in equation 56. The mean, corresponding to the manifold centroid, ¥, is given by

Smax 27
ro= / / T (tena; $,2)P (P (tenai 5, 9)) dsdp
0 0

Smax 2m
= / / sro(cp)p (r(tcnd; S, ()0)) ds d(p

5 [ s [ nalmlelis @llsinete)l o

2 I ro@lro(@) gl sinw(e)] de 0

3 T L (@) b ()l sinw(p)| de

151 Its covariance, 3., is given by

2, =T — 57, (65)
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where rr7 is the matrix of second moments,

. Smax 27
rrT ::/ / T (tenas S, Q)T (tenas 8, 0) T D (T(tenas 5, ) dsdep
0 0
Smax 21
_ / / 5210(2)10 () TP (X(tunas 5, ) ds dip
0 0
1 Smax 27 -
=5 [ s [ @) i@l sine(o) de

_ 1o Jo T xo(@)ro(9) Iro() It ()l sinw ()| dp
BEE. Jo " Iro(@)llirg (@)l sinw(p)| de

(66)

1552 Because the integrals and derivatives in these expressions are all univariate, we can estimate them

153 accurately with discrete approximations.

5 S.2.4 Reachable manifold moments for K > 2

155 Analagous expressions can be derived for the case of K > 2, but in these cases good estimates of the
156 integrals and derivatives quickly become numerically intractable as the number of variables increases.
1557 For these cases, we therefore resorted to moments with respect to the probability distribution of activity
158 patterns generated by uniformly distributed motor commands, instead of the probability distribution of
150 activity patterns uniformly distributed on the reachable manifold.

We can express the covariance of this simpler distribution, which we denote by 3y, by parameterizing
the non-zero command variables, 0= 01 6 ... Oz| in terms of a magnitude and direction, 0 =
550, where 0 < s < s,., and H§0|| = 1. This allows us to factorize the uniform distribution over
motor commands into a scalar uniform distribution for the magnitude, s ~ Unif[0, s,..,], and a uniform
distribution over the unit radius (f( — 1)-sphere for the direction, 6,. The expectations in the covariance

thus factorize as follows:

3y = <<r(tmd; 5§O)r(tcnd§3§0)T>s>§o — <<r( o’ 300)>S> <<r(tmd; S§O)>S>;

:<s2>s <r(t0nd;go)r(tcnd;éo)T>§0—<8> <I‘ md,90> < Lnd§§0)>;
= 2 (0Lt O0)r(Lns:00)) = 2= (r(tnii0) ) (x( end;5o>>;v (67)

6o

1s0  where we used the scale invariance of the motor cortical dynamics (equation 8) to write r(t..q; 350) =
1561 ST (tonas 50) in the second line, and in the third line we simply inserted expressions for the first and second
122 moments of s. The expectations over 50 can be approximated using Monte Carlo methods by uniformly

163 sampling vectors from the corresponding unit radius (IN{ — 1)-sphere.
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s 5.3 Extended methods

1ses  5.3.1 Estimating the intrinsic manifold

s To estimate the intrinsic manifold, we fit a Probabilistic PCA (PPCA) model'” to the mixed and z-scored

157 calibration task responses (see Methods Section 4.8),

rred = S H(r; — c). (68)

7

Here, i indexes a particular timestep and trial during the calibration task. The PPCA generative model
assumes that each of these data points are generated from a corresponding set of ¢ uncorrelated latent

variables z; = |z;; 25 ... z;| as follows,

Z; ~ ./\/'(07 I) 5 (69&)

r|z; ~ N (Fz;,0°1) . (69Db)

The model thus assumes that the activity patterns rj*>*¢ are concentrated within the column space of
the factor loading matrix F — it is the columns of this matrix that define the intrinsic manifold. These

parameters are fit to the mixed and z-scored calibration task data, {ry**!}, by maximum likelihood:

F,0? = arg max log P({r?>**}) = arg max log \/ (0, FFT + 021)
F,02 F,02

=F = |:\//\102V1 \/)\270'2V2 \/)\4702Vg

=02 = 1 i Y
- (3]

N, —¢ i=0+1
158 where A\, Ag, ..., Ay, are the eigenvalues of the sample covariance of the calibration task activity, {rr>},
150 ordered from largest to smallest (i.e. A; is the largest eigenvalue), and vy, va, ..., vy, are their associated

1570 eigenvectors (i.e. the principal components, ordered from most to least variance explained).

Note, however, that the columns of F define the dimensions of the intrinsic manifold in mixed and
z-scored neural activity space (i.e. the space defined by the coordinates of the r*¢ vectors). To convert
these to dimensions of the full N-dimensional state space, where each coordinate corresponds to the
activity of an individual neuron (i.e. the space defined by the coordinates of the r; vectors), we invert
equation 68 to obtain

r; = H'S,r 4 ¢,

K2

where we define H™! as the N x N, matrix containing the inverse of the tri-diagonal component of H

in its first NV, rows and 0’s filling all subsequent rows. We then apply this linear transformation to the
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columns of F to obtain an analagous N X £ factor loading matrix F,. defined in the full N-dimensional
state space,

F, =H'S,F.

51 Note that, since the bottom N — N, rows of H™! are filled with 0’s, those same rows of F,. are also filled
152 with 0’s. This reflects the fact that the intrinsic manifold is orthogonal to the dimensions of activity
1573 corresponding to neurons not recorded in the experiment. Finally, we defined an orthonormal basis
s £1,f, ..., f, € RN for the intrinsic manifold by taking the left singular vectors of F,. These are the
1575 vectors used in equation 25 for figure 3g.

1576 This method for estimating the intrinsic manifold is almost the same as that used by Sadtler et al.,
1577 which differs only in that a Factor Analysis model was used instead of a PPCA model. In that case, the
1578 maximum likelihood estimates of the model parameters cannot be evaluated in closed form and must be
159 computed via an iterative optimization algorithm (the Expectation Maximization algorithm). We found
10 that using a Factor Analysis model instead of PPCA had no noticeable effects on our results (data not

151 shown), so we reported only results with the more easily fit PPCA model.

sz S.3.2 Construction of the baseline decoder

As described in the Methods section, the baseline decoder has the following form

D} = KL

K e R?* I, e RP*Nr,

)

13 We term L the dimensionality reduction matriz and K the velocity readout matrixz. Here we describe in
1s8a  greater detail how these two matrices are fit to the calibration task data. Unless otherwise noted, these
s procedures are exactly as those described in'® and.'®

The dimensionality reduction matrix L is derived from the mode of the posterior distribution of the

PPCA model (equation 69),

P(Zi

I“i"imd) =N (Zi|ll/z‘rnﬂixcd7 Ezlrmixcd) (70&)
fgjpmines = (FTF + ¢°1) "' BT e, (70D)

L

s The N, x £ matrix L thus yields a linear transformation from IV, dimensions to ¢ dimensions. The z-
s scored and mixed activity patterns {r™>°?} from the calibration task can thus be reduced to ¢ dimensions
1sss  via multiplication with I:, resulting in a corresponding set of dimensionality-reduced activity patterns

19 {Z;} (as above, here and in the rest of this section the index 4 jointly indexes a timestep and trial of the
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1s00  calibration task).

1501 To complete the construction of the dimensionality reduction matrix L, these dimensionality-reduced
152 activity patterns are then z-scored. The standard deviations of each component of the z; vectors are
153 calculated over all timesteps and trials of the calibration task, and collected in a diagonal matrix S..
10 Note that mean subtraction is not necessary since the activity vectors rj*** have already been z-scored
1505 80 are mean 0. The final dimensionality reduction matrix is then given by

L=S;'L (71)

z

1596 This second z-scoring step is necessary to ensure that controlling the BCI does not require neurons to
1se7  produce firing rates beyond the range exhibited during the calibration task.
1508 The dimensionality reduction matrix used by Sadtler et al. differed from ours in that L was con-
1599 structed from the posterior distribution under a Factor Analysis generative model, rather than a PPCA
w0 generative model. Like in PPCA, the mode of the posterior distribution of a Factor Analysis model can
101 also be expressed as a linear transformation of r***¢, yielding a very similar expression for L.
The velocity readout matrix K is also chosen by maximum likelihood fit of a generative model. In
this case, we assume that the z-scored dimensionality-reduced activity patterns from the calibration task,
zi=eord = Lr**?, depend on the observed cursor velocities, y;, via the following latent Gaussian state

space model,

Yz'|}’i—1 ~ N(Yifla Q)

iz_scored ‘Y’L ~ N (Byia R)

where i —1 indexes the previous timestep in the same trial. Note that the cursor velocities y; are constant
within each trial of the calibration task, so within a given trial y; = y;_1. As was done in the original

experiment of Sadtler et al., we set

Q = 2k°1,
where k = 1/.15 denotes the ratio of the cursor speeds used in our simulation (||y;|| = 1) and the cursor
speeds used in the original experiment (||y;|| = .15 m/s). Maximum likelihood estimates of the remaining

parameters are given by

-1
o= (o) (£7)

i

1 A z-scored 5 z-score T fyZ-Score:
R= 7 Z gscored gamscored T _ gescored (B )T
i
w2 where T denotes the total number of data points in the calibration task data: the number of timesteps
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Figure ST7: Differences between sampled decoder perturbations and the baseline decoder.

a. Distribution of mean principal angle between row space of baseline decoder and row space of each perturbed decoder.
b. Distribution of mean squared error achieved by mean calibration task responses under each perturbed decoder.

c. Distribution of minimal absolute change in preferred direction needed to produce the same readouts with each perturbed
decoder as with the baseline decoder.

wos in each trial times the total number of trials.
The velocity readout matrix is then derived from the mode of the of the posterior distribution
P (Yi

use the posterior distribution at steady state, whose mode is given by

yz-scored Gz-scored Gz-scored
Z 1Zi—1 %2

,...), where the ellipses go back to the first timestep of the given trial. We

yi=(1-KB)yi1 + Kz,

w0 where K is the so-called steady-state Kalman gain matrix. This matrix is given by

K=3.B"Bx. B +R)’ (72)

where 3, is the steady-state posterior covariance, given by the solution to the discrete-time algebraic
Riccatti equation

0=3_B"(BZ.B" +R)"'BZ. - Q

w05 The 2 x £ velocity readout matrix used for the baseline decoder is thus set to the steady-state Kalman

106 gain matrix, K.

wor  3.3.3 Subsampling WMPs and OMPs

w08 As mentioned in the methods, we attempted to minimize any differences between within- and outside-
100 manifold perturbations that would go beyond their opposing relationship to the intrinsic manifold. To do
w0 this, we first calculated every possible WMP and OMP, corresponding to each /-dimensional permutation.
e Since we set £ = 8, this resulted in ¢! —1 = 40, 319 decoder perturbations of each type (minus 1 to exclude
12 the identity permutation). We then quantified how different each of these perturbations were from the
113 baseline decoder with three different metrics, and eliminated all decoder perturbations for which one or

ws1s  more of these metrics fell outside a specific range.
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1615 The first metric is the angle between the perturbed decoder’s row space and the baseline decoder’s.
615 For each decoder perturbation, Dy™™* or D™, we calculated the two principal angles?? between its row
1ei7  space and that of the baseline decoder effective decoding matrix, D§**°, and averaged these two angles.
w1s  Any decoder perturbations for which this mean principal angle was greater than 80° or less than 60° was
19 eliminated (fig. S7a).
The second metric is the mean squared error that would be achieved if the subject were to simply
reproduce the neural activity from the calibration task. Analagous to the procedure followed by Sadtler

et al., we averaged the calibration task responses over time and over trials for each reach target,

pealib <I‘>
J — \“*/4i€etime points in calibration task trials with reach target j

120 and then computed the readouts from these time- and trial- averaged firing rate vectors under each
121 decoder perturbation, D™ or D™". We then discarded all decoder perturbations where the mean
1622 squared error between these readouts and the target readouts was greater than 0.8 or less than 0.6 (fig.
123 STb).
The third metric is to ask how much the mean calibration task responses would have to change
to produce the same readouts under the perturbed decoder as under the baseline decoder. We first
calculated the time- and trial- averaged z-scored and mixed firing rates from the calibration task

—mixed __ —1 —calib
rped = SUTH(EM — ).

For each perturbed decoder, f)o = D™ or Dg™*, we then computed the activity patterns closest to
r7*¢ that would produce the same readouts through that decoder as the original activity patterns would
through the baseline decoder, Dg**,

e <D0> =argmin |[r — ™| subject to Dor = D ry™
r

~ ~ ~ -1 ~
— f.}nixcd _|_ Dg (DODg) (DB&SL _ DO) f;pixcd'

124 We then quantified the difference between rj**¢ and f“j“"‘ed(]so) by fitting tuning curves and asking how
1625 much the preferred direction changed. Tuning curves were fit by least-squares regression, exactly as
1w2s  described in Methods Section 4.9 equation 26 (but with r™>¢ or f‘}“‘"e"(ﬁo) plugged in for r;), and
12z preferred directions were extracted from the fitted tuning weights as described in that section. For each
w28 decoder perturbation, we then computed the mean absolute difference of the preferred directions of the
120 computed activity patterns {f“}“"‘ed(f)o) ?:1 from those of the observed calibration task mean responses
o0 T }?zl. Any perturbed decoders that resulted in a mean absolute difference of more than 45° or less

s than 30° were discarded (fig. S7c).
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1632 We typically found that about 100-200 permutations out all possible decoder perturbations satisfied
1633 these criteria. We then randomly sampled 100 of them. The distributions of these three merics for the

16« 100 sampled WMPs and OMPs used in the main text are shown in figures S7a, S7b, and S7c.
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